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Abstract
A numerical lifting-surface procedure for the prediction
of steady and unsteady performance of both cavitating and sub-
cavitating marine propellers is developed. The boundary value
problem is formulated, and a stepwise solution method in the
time domain is employed.
For the cavitating propeller problem, the most critical
solution step is to find the cavity extent. The pressure in-
side the cavity is calculated for a sequence of assumed cavity
lenghts to establish the relationship between the computed pres-
sure and the cavity lengths. An inperpolation method is used
to determine the cavity extent corresponding to the vapor pres-
sure. It is found efficient to consider the unknowns in one
chordwise strip at a time, and to update the values considering
the interactions of the adjacent strips through a spanwise
strip-by-strip iteration. The convergence behavior is found
to be very fast and stable.
Extensive comparisons are made with the published data
for the propellers in subcavitating condition, together with
a systematic test establishing the convergence of the numeri-
cal procedure.
The cavitating patterns predicted by the present theory
are compared with direct observations of the cavities at the
water tunnel with a model propeller both in uniform flow and
in screen generated non-uniform flow. Comparisons are con-
sidered to be excellent. A test computation is made with a
full-scale propeller in a wake measured behind a model ship,
and compared with the full-scale observation. Although the
comparison is not satisfactory, an estimate on the boundary
layer thickness of ship indicates that the prediction might
be improved if correct scaling effects are considered to ob-
tain the wake behind a full-scale ship.
Thesis Supervisor: Justin E. Kerwin
Title: Professor of Naval Architecture
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NOMENCLATURE
a = coefficient matrix, defined in Es. (4.6.1) and (4.6.4)pq
A ,B = Fourier coefficients of ship wake inflow; see Appen-
n n
dix E
b = right hand side of Eqs. (4.6.1) and (4.6.4)
p
c = blade section chord length
clc2c3= constants for explicit Kutta condition, defined in
Eq. (4.2.9)
d.ij = defined in Eq. (4.2.7)
D = propeller diameter
e.. = defined in Eq. (4.5.11)
f = blade camber function
f = maximum blade section camber at a given radius
o
f+ f = blade surface functions for the suction and pressure
sides of the blade, respectively; see Eq. (4.3.9)
F = cavity surface function, F = - g = 0
F = defined in E. (4.3.32)
F = vector force on blade surface
Fr = propeller Froude number based on propeller rotational
speed, F = n D/g
r
g = constant of gravitational acceleration
g = C coordinate of cavity surface; see Eq. (4.3.1)
h = cavity thickness function.
Hijnm = induced velocity at (i,j)th control point due to
n(nm)th unit strength cavity source
(n,m)th unit strength cavity source
- 14 -
I= total number of unknowns,
I = M x (N-1) for subcavitating problem,
I = N + 1 + N for cavitating problemQ
i,j = chordwise and spanwise indices of the control point,
respectively
JA = advance coefficient, JA = VA/nD
K = number of blades
K.. = induced velocity at (i,j)th control point due to1jnm
(n,m)th unit strength vortex
KTorKF= mean thrust coefficient, KT = T/pn 2D4
KQ = mean torque coefficient, KQ = Q/pn D
iF,n = n-th harmonic of unsteady blade normal force coeffi-
cient, used in Fig. 7.4.2,
n = (blade normal force at each radius)/pn2D 4F,n
KTn = n-th harmonic of unsteady thrust and toraue coeffi-
T,n
KQn cients
KT n = n-th harmonic of unsteady horizontal force and moment
KQ n coefficients, positive when directed to port
QH
TVn = n-th harmonic of unsteady vertical force and moment
QV2 n coefficients, positive when directed vertically upward
~QV,n
l = cavity length
L = ship length
L = number of cavitating elements over the streamwise
strip at present iteration, final L = NQ
L.E. = leading edge of blade
- 15 -
M = number of chordwise panels over radius
M = vector moment on blade
n = propeller rotational speed, revolutions per second
n = vector normal to blade camber surface, defined
positive when pointing upstream
N = number of spanwise vortices within a chordwise strin
NQ = number of cavitating elements at each radial interval
NQ
NT = number of shed vortices in the transition wake within
a streamwise panel
Nw = number of discrete time steps since beginning of
motion
n,m = chordwise and spanwise indices of the singularity,
respectively
p = pressure
pv = vapor pressure
Pv
pC = pressure at depth of the shaft center at upstream
infinity
P = propeller pitch
p,q = indices for control point and singularity, used in
Eqs. (4.6.1) and (4.6.4)
q = strength of continuous sources per unit area
Qnm = strength of (n,m)th concentrated line source per unit
Qnm
length
Q = torque
r = radial coordinate
r = position vector measured from the origin
- 16 -
rH = hub radius
r = radius of ultimate tip vortices
R = propeller radius
Re = Reynolds number
rn,Rn,R = defined in Eq. (4.3.27)
s = fraction of chord from leading edge
t = time
t or T = blade thickness function
to = maximum blade section thickness at a given radius
T = thrust
T(t) = total circulation around the section at time t
T.E. = trailing edge of blade
u,v,w = perturbation velocities in the (,n,) directions
UiU2,U3 = inflow velocities in the (,n,) directions
U = helical inflow velocity, defined in Eq. (4.3.3)
U R ~~~~~~~~~~ 2UR = reference velocity, UR = V + (0.7R)
V = resultant velocity
VA = volumetric mean inflow velocity,
2 .. .
VA - (r/R
1 - (rH/R)2
1
rH/R
VA (r)rdr
= inflow velocity at coordinate (r,e O ) in propeller
plane
= longitudinal inflow velocity averaged over one
propeller revolution
= ship speed
VA (r, 0)
VA(r)
V
S
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w = gust velocity normal to camber surface
g
WT = Taylor wake fraction, wT = 1 - VA/Vs
Xm = rake, x coordinate of mid-chord line, positive in
direction of positive x
xq = unknowns of simultaneous equations (4.6.1) and (4.6.4)
x,y,z = cartesian coordinate system fixed on propeller: x
positive downstream, y positive radially outward,
and z being determined to complete the right hand
system
xoryo0 z0= cartesian coordinate system fixed on ship: x identi-
cal to x, positive downstream, yo measured positive
upward from the shaft center, and z positive when
0
pointing port
a = blade section angle of attack relative to 
= undisturbed inflow angle at blade tip
B. = hydrodynamic pitch angle according to lifting-line
:1
theory
ST = pitch angle of outer extremity of transition wakeT
w = pitch angle of ultimate wake tip vortex helixw
B = pitch angle of tip vortex separated from leading edge
Y = vorticity vector, strength of vortex sheet
r = circulation around blade section
F = strength of (n,m)th discrete vortex element
nm
6 = ship boundary layer thickness; see Eq. (8.3.1)
6, = increment of quantities, as in x, At, A, etc.
6k = blade indexing angle of k-th blade
- 18 -
SA = area element of camber surface
St = length of discrete source segment
A = maximum displacement of separated tip vortex
£ = angle of n coordinate relative to n coordinate; see
Appendix B
8 = angular coordinate in propeller-fixed coordinate,
= tan (z/y)
0 = angular coordinate of key blade relative to yo0 coordi-.0
nate fixed on ship
8 = skew angle: angular coordinate of mid-chord line as
m
measured from y axis, positive clockwise when look-
ing toward positive x axis
ew = roll-up angle: angle between trailing edge of blade
tip and roll-up point
K = defined in Eq. (4.3.25)
,q,~ = coordinate system defined on the camber surface: 
intersection of the camber surface and a cylindrical
surface concentric with x axis, positive when point-
ing downstream, normal to the camber surface, posi-
tive when pointing upstream, and n being determined
to complete the right hand system on the camber sur-
face; see Appendix B
,, = ~ and coordinates are identical with and (, res-
pectively, being defined to pass through the points
of the same percentage of the chord length at each
radius; see Appendix B
-19 -
~, = local coordinate for velocity potential calculation
on a surface formed by a line singularity element
and field point; is aligned with line singularity
element
p = mass density of fluid
P = radial coordinate of chordwise vortices¢m
a = cavitation number based on the local inflow velocity,
a = (P, - pv ) / 2P U r
an = cavitation number based on the propeller rotational
~n
'1 22
speed, on = (P- p v) / n D
n P0 pv)'n
T or t = blade thickness function
= nose-tail pitch angle of propeller blade
ijnm = velocity potential at (i,j)th control point due to
~ijnm
(n,m)th unit strength source element
= perturbation velocity potential
m = propeller rotational speed, radians per second
V = vector operator del
D/Dt = substantial derivative, D/Dt=D/at + V V
Superscripts
B = blade thickness
I = Inflow velocity
0 = other blades exclusive of key blade
Q = source, especially cavity source
s,c,w,t = spanwise, chordwise, shed wake, and trailing vortices,
- 20 -
respectively
u,w = streamwise and normal components of induced velocity-
r = vortex
(t) = time t
( ) = mean or averaged quantities
( ) = quantities deviated from original quantities without %
C] = closed vortex; see Eq. (4.2.8)
E]w = shed vortex quadrilateral; see Eq. (4.2.8)
+ = suction and pressure sides of the camber surface,
respectively
Subscripts
c = camber surface
i,j = chordwise and spanwise indices of the control points
lt = leading and trailing edges
L = trailing end of cavity
m = mid-chord
m,s = model ship and full-scale ship, respectively
n,m = chordwise and spanwise indices of singularities
T = transition wake
w = ultimate wake
0 = cavity leading edge; see Eq. (4.4.1)
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I. INTRODUCTION
The hydrodynamics of flow around marine propellers is one
of the most important subjects in the field of fluid mechanics.
The theory for design and analysis of the propeller has been
developed to meet the increasing need for better efficiency
and performance.
The mean axial thrust and torque of the propeller are of
principal interest, hence much theoretical and experimental
work has already been done, and much more works will follow.
The propeller, operating in the non-uniform ship wake, al-
ways experiences vibratory forces. The knowledge of the un-
steady pressure distribution is essential to avoid fatigue
failure of the blades. The mean transverse thrust which is
the vectoral sum of once-per-revolution forces in the plane of
the propeller is also essential for the proper shaft and stern
bearing designs.
As the loading on the blades increases, the propeller suf-
fers from another hydrodynamic phenomenon called cavitation.
This is important, since the vibratory pressure force on ship
hull due to the cavity constitutes the major portion of the
total unsteady hull surface forces. The presence of the cavi-
ty becomes even more important when the cavity undergoes a sud-
den collapse on the blade. This imparts a high pressure im-
pact leading to serious damage of the propeller blades, and at
the same time radiates undesirable noise.
- 22 -
Endless efforts have been devoted throughout the world to
the development of the design and analysis methods both for the
subcavitating and cavitating propellers. The lifting-surface
theory of Kerwin(1961), among others, is considered to be one
of the most promising techniques applicable to the solution of
the propeller problem. The vortex lattice method, improved
further by Kerwin(1973) for the design problem, was extended by
Cummings(1973) to the inverse roblem for the prediction of the
steady performance of the propeller, in which the unknown load-
ing was represented by a very limited set of chordwise and span--
wise mode functions. This approach was further improved by
Tsao(1975). The mode function approach, suffering from a con-
vergence problem, was finally abandoned in favor of a direct
solution for the strength of each discrete vortex element by
Xerwin and Lee(1978).
The original development of a rigorous three-dimensional
unsteady propeller lifting-surface theory is due largely to
Tsakonas and his associates at the Davidson Laboratory, with
the refinement of the theory spanning the period from 1968 to
1973. A comprehensive review of unsteady propeller lifting-
surface theories is given by Schwanecke(1975).
The first unsteady lifting-surface theory at M.I.T. was
developed by Burke(1973) by using a mode collocation approach.
The solution method of the unsteady problem in the frequency
domain can not in general be extended to the cavitating flow
problem, and hence a direct solution method in the time domain
* References are listed alphabetically at end of main text.
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was chosen. The development of the numerical method in the
time domain was presented by Frydenlund and Kerwin(1977) for
the two-dimensional hydrofoil, and also given by Lee(1977) for
the three-dimensional hydrofoils of finite aspect ratio.
The unsteady lifting-surface theory of Kerwin and the pre-
sent author(1978) for the subcavitating propeller operating in
the non-uniform ship wake is considered to be of sufficient
practical value for the design purpose. The boundary value
problem was formulated for the determination of the strength
of each discrete vortex element, and was solved directly in
the discrete time domain.
Yet the theory for the cavitating propeller is far from
being practical. The difficulties in the cavity flow problem
arise mainly from the presence of the cavity itself, whose
extent is not known a priori.
Original contributors to this problem developed non-linear
(two-dimensional) free-streamline theories. It is rather re-
cent that the linearized problem has been formulated and solved
for the thin or slender body cavity flows; see Tulin(1964) and
Geurst(1961) for details.
While most of the previous work involved solutions in the
mapped plane using analytic function theory, a solution method
in the physical plane by using the singularity distribution
method was initiated at M.I.T. Golden(1975) in his pioneering
work introduced the discrete singularity method for the solution
of the cavitating, lifting problem for steady two-dimensional
- 24 -
hydrofoil. This method was extended by Jiang(1977) to solve
the unsteady super-cavitating hydrofoil of finite aspect ratio.
Recently Van Houten(1978) succeeded in solving the two-dimen-
sional partially cavitating unsteady flow problem.
The cavity flow around a marine propeller is so complicate .'
that little rogress has been made in treating this awful prob-
lem. Most of the existing theories are developed in a quasi-
steady manner and use steady two-dimensional solution extensive -
ly to determine the cavity extent; see for example those of
Van Oossanen (1977) and Huse(1975).
It is obvious from the experimental observation that the
cavity behavior is neither quasi-steady nor two-dimensional.
Primitive strip-theory fails because the interactions of the
cavities along the adjacent chordwise strips are so strong that
the cavity length can not be determined solely from two-dimen-
sional consideration. The behavior of the cavity extent is
non-linear in time, i.e., the cavity grows smoothly as the
blade enters high wake region, but collapses rather rapidly
when the blade advances against the adverse pressure gradient.
In this regard pure harmonic representation of cavity behavior
sees shortcomings at the outset. Thus a truly unsteady three-
dimensional cavity theory is desired to explain the important
hydrodynamics of the unsteady cavitating propeller problem.
From the present state of our knowledge in this field the
numerical cavitating propeller theory is presumably the best
way to the solution with the great aid of the modern computer.
- 25 -
The present thesis on the cavitating propeller theory is
the natural outgrowth of the unsteady subcavitating propeller
theory and the cavity flow theory developed so far at M.I.T.
Chapter III on the geometry of the propeller blade and
Chaper VII on the performance prediction for the subcavitating
propellers, together with many descriptions on the unsteady
propeller theory, were previously presented as a paper by
Kerwin and the present author(1978). This material is includ-
ed here with minor changes to complete the development of the
propeller lifting-surface theory.
- 26 -
II. FORMULATION OF THE PROBLEM
2.1. Fundamental Ass'umptions
The propeller blades are considered to be a set of symmet-
rically arranged thin blades of arbitrary form, rotating with
a constant angular velocity about a common axis in an unbounded,
incompressible fluid. The presence of extraneous boundaries
such as the propeller hub, the rudder, and the ship hull, is
neglected, except that the last is recognized as a body genera-
ting the non-uniform flow field.
The blades are assumed to operate at a small angle of
attack, and the spatial variation of the ship wake is assumed
small accordingly. The blade boundary layer and shed vortex
wake thickness is assumed to be thin so that the fluid rotation
due to the propeller is confined in a thin layer.
For the cavitating flow, it is assumed that the formation
and decay of the cavity occurs instantaneously depending only
upon whether the pressure exceeds the prescribed cavity pres-
sure or vapor pressure, which is assumed to be constant. The
thickness of the cavity is also assumed to be small so that
linearization in thickness is valid. Some important phenomena
such as cavity inception and surface tension are not considered.
It is assumed that the cavity starts at the leading edge of the
blade, and that only the suction side of the blade is cavitat-
ing in the present work.
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The cavitation number, an, is defined based on the propel-
ler rotational speed as
1 2 2
an = (p- pV)/2pn D , (2.1.1)Cn ( - /fpn2 2
where p is the pressure at shaft center, Pv the vapor pressure,
p the density of the water, n the number of revolutions per
second, and D the diameter of the propeller. The Froude num-
ber, Fr, is also defined based on the propeller rotational
speed as
F = n D/g , (2.1.2)
r
where g is the gravitational acceleration. The inverse of
the Froude number serves as a direct measurement of the hydro-
static pressure (or local cavitation number) variation from
the shaft center to the top of the propeller plane. The cavit-
ating flow field will be uniquely characterized by the above
two non-dimensional parameters.
The propeller is considered to be operating in a known
inflow field representing the wake field of the ship. The
components of the wake field are customarily specified only
in the plane of the propeller, and it is assumed that their
variation over the axial extent of the propeller can be ig-
nored.
The non-uniformity due to the presence of the ship bound-
ary layer raises a fundamental question on whether the ship
wake may be considered as an ideal flow or not. A review
- 28 -
given in Appendix A shows that the velocity potential can be
used under the assumption that the total velocity may be de-
composed into two parts,i.e., the ship wake and the perturba-
tion velocity. Although the former is rotational, the latter
is considered to be irrotational outside the blade boundary
layer and shed vortex wake.
2.2. Boundary Value Problem
Let us consider a propeller operating in an unbounded,
incompressible fluid. The ropeller may be in either a non-
cavitating or cavitating condition. The principle of con-
servation of mass is the governing equation in the fluid re-
gion encompassing the blades, the shed wake, and the cavity,
i.e.,
V.V = 0 , throughout the fluid (2.2.1)
where V is the total fluid velocity. The problem is unicauel-,
defined by imposing the boundary conditions as follows:
(i) Quiescence condition at infinity: At infinite upstre,
the perturbation velocity due to the presence of the
propeller and cavity should vanish.
(ii) Tangency condition on the wetted surface: The kine-
matic boundary condition on the wetted portion of the
blade surface is the impermeability to the fluid, anr'
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is best described in a blade-fixed coordinate system
rotating with the propeller,
n-V = 0 , on the wetted surface (2.2.2)
where n is the vector normal to the camber surface,
defined positive when pointing upstream.
(iii) Kutta condition at the trailing edge: The flow should
leave the trailing edge in a tangential direction.
(iv) Kelvin's theorem for the'conservation of circulation
(v) Kinematic and dynamic conditions in the wake: The veloc-
ity jump must be purely tangential to shed vortex wake
sheet, and the pressure must be continuous across this
vortex wake sheet.
The above five boundary conditions are sufficient to
define the fully-wetted, subcavitating unsteady propeller prob-
lem. For the cavitating propeller, additional conditions are
necessary due to the presence of the cavity. The interface
of the cavity and the surrounding fluid is termed the cavity
surface, F(x,t)=O.
(vi) Kinematic condition on the cavity surface: Since the
interface is moving with the fluid particles, the sub-
stantial derivative of the quantity F(x,t) should
vanish,
on the cavity surfaceDF/Dt = Al (2.2.3)
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(vii) Cavity closure condition: It is assumed that the
cavity thickness be zero along the boundary of the
cavity surface,
h(x,t) = 0 , along the cavity boundary (2.2.4)
(viii) Dynamic condition on the cavity surface: The ressure
on the cavity surface is considered to be the same as
the prescribed vapor pressure inside the cavity, Pv,
i.e.,
= Pv on the cavity surface (2.2.5)
2.3. Singularity Distribution Method
The method of singularity distribution is one of the most
powerful techniques for the solution of the fluid flow problem.
This method has become very popular in recent years with the
development of the high-speed computer, for the integral equa-
tions formed by applying the boundary conditions around the
fluid boundary are easily adaptible to numerical computation.
Under the smallness assumptions made in the earlier sec-
tion, the propeller blades, cavity, and loading can be repre-
sented by the distribution of sources and vortices lin on
the mean camber surface of each blade and shed wake. This
representation is shown in Fig. 2.3.1.
The source distribution is employed to represent the jump
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of the normal velocity at the camber surface. There are two
distinct sets of source sheets; the first is to represent the
thickness of the blades, and the second is to represent the
cavity thickness. We will assume at the outset, however, that
the source distribution for the blade thickness is independent
of time, and that its spatial distribution may be derived from
a stripwise application of thin-wing theory at each radius.
These assumptions are considered to be justified in recognition
of the secondary influence of blade thickness on both mean and
fluctuating blade loading. The source strength for the cavity
thickness will be determined by solving the boundary value
problem. It should also be noted that the extent of the
cavity is not known in advance and should be determined as a
part of the solution.
The vortex distribution is employed to represent the jump
of the tangential velocity both at the camber surface and in
the trailing wake sheet. The vortex strength is a vector
lying in the surface and may be resolved into components along
two arbitrarily assigned directions on the surface. The vor-
tex distribution on the blade will be resolved into "spanwise"
and "chordwise" components while the corresponding components
in the wake will be termed "shed" vorticity and "trailing"
vorticity. The vortex strength will also be determined as a
part of the solution to the boundary value problem.
When the method of singularity distribution is employed,
the principle of conservation of mass is satisfied in the
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fluid region away from the singular sheet. The quiescence
condition at upstream infinity is also satisfied by the nature
of the singularity, since the induced velocity is at most in-
versely proportional to the distance from the singular point.
The application of the remaining boundary conditions will lead
to coupled integral equations. One simple approach to the
solution of the integral equation is to discretize the bound-
aries and satisfy the boundary conditions on the selected col-
location points or control points. This will result in a set
of simultaneous equations for the determination of the vortex
and source strength, together with the extent of the cavity.
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III. ATHEMATICAL MODELING OF PROPELLER-CAVITY SYSTEM
3.1. Blade Geometry
For the present application, the problem of propeller
geometry simply reduces to that of finding the coordinates of
an arbitrary point on the blade camber surface, given the
overall geometrical characteristics of the propeller.
We begin by defining a artesian coordinate system fixed
on the propeller, with the x axis defined as positive down-
stream and the y axis located at any desired angular orienta-
tion relative to the key blade. The z coordinate completes
the right handed system. Cylindrical coordinates are defined
in the usual way, with the angle measured clockwise from the
y axis when viewed in the direction of positive x, and the
radial coordinate, r, given by
r= y2 + z2 (3.1.1)
A projected view of a blade as seen from upstream is
shown in Fig. 3.1.1.
The skew angle, Cm(r) is by definition the angular coordi-mI
nate of the mid-chord line as measured from the y axis at
radius r. Since the angular orientation of the y axis is
arbitrary, the function E m(r) is not unique, but contains anm
arbitrary additive constant.
The x coordinate of the mid-chord line, as illustrated in
yFig. 3.1.1 Projected view of blade looking downstream
I y
X
Fig. 3.1.2 Longitudinal elevation of propeller blade
looking to starboard
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Fig. 3.1.2 is defined as the rake, x m(r), and the space curve
defined parametrically by e m (r) and x (r) provides the skeleton
m mm
upon which the blade camber surface is constructed. The func-
tion xm(r) also contains an arbitrary additive constant which
reflects the choice of the longitudinal origin of the coordi-
nate system.
The leading and trailing edge of the blades may now be
constructed by passing a helix of itch angle f(r) through the
mid-chord line. If the blade section expanded chord length
at this radius is c(r), the leading and trailing edge coordi-
nates are
x - Sinxt m+ 2 sin
C
,t E=m + 2r cos (3.1.2)
Yl t= r cos 8, t
zZ = r sin ,tz,tzt
where the subscripts and t denote the leading and trailing
edges, respectively.
It is now convenient to define a non-dimensional chordwise
coordinate, s, which is zero at the leading edge and unity at
the trailing edge. Its value at the mid-chord line, by defini-
tion, will then be 1/2. The blade section camber and thickness
is defined by the functions f(s) and t(s), respectively. As
shown in Fig. 3.1.3, these are measured in a cylindrical
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y
X
Fig. 3.1.3 Cylindrical section of blade
Fig. 3.1.3 Cylindrical section of blade
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surface of radius r in a direction normal to the helical coordi-
nate. The artesian and cylindrical coordinates of a point
on the blade camber surface with radial coordinate r, and
chordwise coordinate s may therefore be expressed in terms of
skew, rake, chord, and camber.
In order to generalized the results to blades other than
the key blade, we define a blade indexing angle
-= 27r(k-1) k=l,2,...,X (3.1.3)
k K
where K is the number of blades and k is identifying index of
any blade. The key blade, by definition, is identified by
the index k=l. With this addition, the coordinates of a point
on the camber surface of the k'th blade may be written as
Xc =x m +c (s-l/2) sin4 -f cos
e = + c (s-l/2) cos + f sin 6  
c m r r k
Yc r cos c (3.1.4)
z = r sin e
C C
where the subscript c denotes the camber surface.
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3.2. Discretization of Blade Singularity Distribution
The continuous distribution of vortices and sources are
replaced by a lattice of concentrated straight line elements
of constant strength for the purpose of digital computation.
The velocity induced at any point in space by these line
source or vortex elements may be computed very easily from the
formulas derived from Biot-Savart's law; see Kerwin and Lee(1978).
The most critical step in developing a numerical lifting
surface theory is to find the lattice arrangement which is
optimum in the sense of providing answers to the desired
accuracy with a minimum number of elements.
The fact that the behavior of singularities representing
subcavitating propellers and those representing cavitating
propellers differ from each other dictates the development of
two separate sets of optimum lattice arrangements.
Kerwin and Lee(1978) conducted extensive numerical
experimentation with simpler two and three dimensional flows
with known analytic solutions, and found out that the most
promising arrangement for the subcavitating propeller is the
one that has uniform intervals along both the chordwise and
radial directions.
For the two-dimensional cavitating hydrofoil, Van Houten
(1978) found a unique spacing, which we call the half-Glauert
spacing, which gives good agreement with Geurst's(1961) steady
solution. This arrangement is selected for use for the
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chordwise discretization of the cavitating propeller,
together with uniform spacing in the radial direction.
The radial interval from the hub, rH, to the tip, R, is
divided into M equal intervals with the end points of the
discrete spanwise vortices located at radii
(R-rH) (4m-3)
P = r M++2 , m=l,2,...,M+l (3.2.1)
4M + 2
The chord from the leading to the trailing edge at
radius Pm is divided into N intervals, with functions to
define the boundaries of each element as follows:
a) For the subcavitating propeller,
Sn = n/N, n=0,1,2,...,N (3.2.2)
b) For the cavitating propeller,
Sn = 1- cos(nf/2N), n=0,1,2,...,N (3.2.3)
where s denotes the leading edge.
Equations (3.2.1) and (3.2.2) or (3.2.3) are sufficient
to define the vertices of M x N four sided elements on the
camber surface. The spanwise vortices will be placed on the
quarter chord of each element with their ends at points
sn Sn-l + s /4 , n=l,2,...,N (3.2.4)
wheren n
where
sn = -Sn n-6n n Sn-1 (3.2.5)
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The line sources will be placed on the mid chord of the
r
chord segments defined by sn. Thus the nondimensional chord-
wise coordinates of the line sources will be
sQ = ( s + s )/2 , n=l,2 ... ,N-l
n n n+l 
(3.2.6)
sQ S = (sr + 1.0 )/2
The control points for the tangency boundary condition
will be placed on the mid-span of the line segment connecting
the two points (sqpm) and (s~,Pm+l). The normal vector is
calculated as a cross-product of the vectors tangent to the
spanwise and chordwise curves passing through the tangency
boundary condition control points. It should be noted that
the control points for the tangency boundary condition lie in
the center of the quadrilateral elements formed by the vortex
lattice. This may be seen in Figs. 3.2.1 and 3.2.2.
The vortex arrangement and the control points for the
tangency condition, as illustrated in Fig. 3.2.1, are suffi-
cient to solve the subcavitating propeller problem. It can
be seen from the figure that the elements nearest the trailing
edge do not contain control points. As will be shown in
Section 4.1, a numerical Kutta condition is imposed, which
requires that the strength of the last spanwise vortex over
the chord of each radial interval be expressed in terms of the
strengths of the remaining vortex elements over the chord and
in the wake. The number of independent unknown at each
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Fig. 3.2.1 Illustration of discrete singularity elements
and tangency control points on blade:
the uniform spacing
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radial interval is therefore reduced by one, and the number
of control points is adjusted accordingly.
For the cavitating propeller problem, the control points
for the dynamic boundary condition on the cavity surface are
placed on the mid-span of the spanwise vortex lines defined
by Eq. (3.2.4). But Jiang(1977) found that the positions of
the line sources and control points for the dynamic boundary
condition nearest the leading edge should be interchanged to
simulate the proper singular behavior of the source strength
at the leading edge; i.e., there must not be a dynamic bound-
ary condition control point ahead of the leading line source.
The vortex arrangement and control points for the tan-
gency boundary condition for the cavitating propeller are
illustrated in Fig. 3.2.2. It can be seen from this figure
that the last element near the trailing edge contains a con-
trol point, implying that the Kutta condition is satisfied
implicitly by the arrangement.
In order to extend the present program to the range of
supercavitating flow, Eq. (3.2.5) is modified in the wake as
6s = p60e , for n > N (3.2.7)
n
where the angular increment, e, will be defined in Equation
(3.3.3) in connection with the discrete time step, St.
The application of Eq. (3.2.4), extended to allow n>Nand
Eq. (3.2.6) will determine the position of the sources and
control points in the wake, once the position of the shed
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Fig. 3.2.2 Illustration of discrete vortex elements
and tangency control points on key blade:
the half-Glauert spacing
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vortex quadrilaterals are determined in Eqs. (3.3.1) and
(3.3.2).
For a given blade geometry, the discretized system is
uniquely determined by the two parameters M and N. The
sensitivity of the final results to the values of these
parameters will be investigated in a subsequent chapter.
3.3. Geometry of the Trailing Wake
The geometry of the trailing vortex wake has an impor-
tant influence on the accuracy of the calculation of induced
velocities on the blade. The usual approach is to approxi-
mate the trailing wake sheet by a pure helical surface with
a prescribed pitch angle obtained either from the undisturb-
ed inflow (r) or the hydrodynamic pitch angle i(r) calcu-
lated from lifting line theory. More elaborate wake models
have been developed by Cummings(1968), Loukakis(1971), and
Kerwin(1976) in which the roll-up of the vortex sheet and
contraction of the slipstream is taken into consideration.
The present program employs a relatively simple deformed
wake model which can be uniquely defined by a limited set of
specific'parameters. The sensitivity of propeller perfor-
mance predictions to these parameters is determined by
systematic numerical experimentation.
The propeller wake is divided into two parts,
a) A transition wake region where the roll-up of the
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trailing vortex sheet and the contraction of the
slipstream occurs.
b) An ultimate wake region which consists of a set of
K concentrated helical tip vortices together with
a single rolled up hub vortex.
The junction of these two wake regions is defined as the
"roll-up point". The parameters defining the wake are,
a) The radius of the rolled-up tip vortices, rw
b) The angle between the trailing edge of the blade
tip and the roll-up point, ew
c) The pitch angle of the outer extremity of the transi-
tion wake, T
d) The pitch angle of the ultimate wake tip vortex
helix, w
The transition wake is constructed by joining points on
the trailing edge of the blade to the roll-up points by trail-
ing vortices comprised of NT straight line segments with
coordinates
xn = t + (n - 3/4) x,
rn = rt + (n - 3/4) 6r, n=l,2,...,NT (3.3.1)
en = 8 + (n - 3/4) 68,
where (xt,rt,8 t) are the cylindrical coordinates of a point
on the trailing edge and the coordinate increments are
(3.3.2a)66 = 6WINT
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6x = 0.5(R + rw ) tan T
(3.3.2b,c)
r w rt)/NT ' rt > (R + rH)/2
-l rt /NT , rt > (R + rH)/2
The trailing vortices in the transition wake region are
extensions of the chordwise vortices on the blade. The
discretized representation of the vortex sheet then consists
of M + 1 concentrated trailing vortex lines whose trailing edge
coordinates match the cooresponding values of the discrete
chordwise vortices on the blade.
In unsteady flow, the transition wake region contains a
set of NT x M shed vortex lines which connect the correspond-
ing end points of the trailing segments. In order to facili-
tate computation of the convection of the shed vorticity the
angular increment, 60, and the time increment, t, are
related by the equation;
60 = t , (3.3.3)
in this way, if the influence of the tangential induced veloc-
ity on convection speed is ignored, the strength of the n'th
shed vortex at the current time step will be equal to the
(n - )st shed vortex at the preceding time step.
In steady flow the strengths of the shed vortices are
zero, so that the only influence of the angular increment 0
is on the accuracy of the piecewise linear approximation to
the curved trailing vortex lines in the transition wake.
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Fig. 3.3.1 Illustration of parameters defining deformed
wake model
- 49 -
It is assumed that the influence of the shed vorticity
in the ultimate wake region can be ignored. Since the trail-
ing vortex sheet is presumed to have rolled-up, it is not
obvious what happens to the structure of the shed vorticity.
In a real fluid, it is most likely that the shed vorticity
pattern becomes highly disorganized after a relatively short
distance behind the trailing edge. Consequently the assump-
tion that its effect can be ignored in the ultimate wake is
not only expedient, but probably realistic.
3.4. Vortex Sheet Separation from Tip
It is well known from experiments on low aspect ratio
wings at large angles of attack that vortex sheet separation
can occur from the leading or side edges, and that this tends
to increase lift(Kandil, et al, 1976 and Johnson, et al, 1976).
A similar phenomenon can be observed near the tip of a propel-
ler when operating in a heavily loaded condition.
The exact position of a separated vortex sheet can, in
principle, be found by an iterative alignment with the local
streamlines, and this has been successfully accomplished for
planar wings by Kandil, et al(1976). Since a time-consuming
iteration to find the exact position of the sheet is not
warranted in this case, an idealized separated tip vortex
model is developed on the basis of water tunnel observations.
The pitch angle of the vortex separated from the leading edge
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Fig. 3.4.1 Illustration of tip vortex separation
(For clarity, the magnitude of A has
been exaggerated)
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of the blade tip is approximated as
= ( + T)/2 , (3.4.1)
where is inflow angle at the blade tip and T is the pitch
angle in the transition wake, as shown in Fig. 3.4.1. The
trailing vortices originate from the spanwise vortices at the
blade tip panel, and are all displaced in a direction normal
to camber surface. The maximum displacement at the trailing
edge is determined using Eq. (3.4.1)
A = c tan (% - B) , (3.4.2)
where c is the chord length of the outboard end of the tip
panel, and is the nose-tail pitch angle of the tip section.
The displacements from the separation points are linearly
increased to the maximum displacement at the trailing edge,
and hence all the separated tip vortices are rolled up at one
point and convected downstream with wake pitch angle T
following the deformed wake model.
The tip vortex separation angle obtained from Eq. (3.4.1)
is quite small in the neighborhood of the design advance
coefficientofa propeller, and its influence on performance is
negligible. However, at low advance coefficients this angle
increased, with the result that computed lift is increased.
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3.5. Representation of Other Blades'and Wake
While the discrete singularity arrangement used to rep-
resent the key blade and its transition wake can be reproduced
exactly on each of the other blades, such an approach would
obviously be inefficient. Due to the relatively large dis-
tance between the control points on the key blade and the
singularities on the other blades, a coarse spacing may be
used on the latter with no significant change in results.
In addition, induced velocities need not be computed at all
control points, but only at a sufficient number to enable the
values at the remaining control points to be obtained by inter-
polation.
As described in Section 5.1, the strengths of the sin-
gularities on the other blades are known in terms of the
corresponding values on the key blade at a previous time step.
It is therefore expedient to have the number of elements on
the other blade a sub-multiple of the values on the key blade,
thus permitting the concentration of the strengths of several
elements on the key blade into a single element on the other
blades. A similar economizing technique is applied to the
singularities in the transition wake from the other blades.
Figure 3.5.1 shows a projected view of all three blades
of a propeller illustrating this reduction in the number of
elements on the other blades. While this representation
appears extremely crude, comparisons of results obtained with
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Fig. 3.5.1 Illustration of discrete singularity elements
on key blade and other blades
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this scheme with those obtained with fine spacing on all
blades show negligible differences, while a substantial reduc-
tion in computation time and program storage requirement is
achieved.
- 55 -
IV. DERIVATION OF EQUATIONS FOR BOUNDARY CONDITIONS
4.1. Kutta Condition
In the ideal fluid problem, the Kutta condition which
prevents infinite velocities at the sharp trailing edge may be
stated from kinematical or dynamical points of view. The
former states that the flow should leave the trailing edge in
a smooth manner, while the latter states that the loading at
the trailing edge should vanish. In the steady hydrofoil
problem, the dynamical Kutta condition requires that the bourd
vortex strength representing the loading distribution should
vanish at the trailing edge. This requirement may be restated
in the kinematical sense that the tangential velocity jump
should smoothly vanish at this point. For the unsteady prob-
lem, the condition may be generalized by requiring that the
bound vortex strength be extended continuously into the shed wake
region at the trailing edge.
The numerical form for the Kutta condition is not unique-
ly determined but rather dependent on the procedure for solu-
tion. Recent work by Kerwin and Lee(1978) suggests the usage
of two possible forms for the Kutta condition in a discretized
system:
a) An explicit Kutta condition in which the strength of
one or more discrete vortices near the trailing edae are
constrained in such a way as to simulate the required
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behavior of the continuous vortex sheet. This condition
is used for the subcavitating flow problem with the uni-
form singularity spacing over the chord.
b) An implicit Kutta condition in which the proper behavior
near the trailing edge is achieved through the relative
placement of discrete vortices and control points. This
is accomplished by placing the tangency control points an
appropriate distance downstream of the discrete vortices
within each element. This condition is used for the
cavitating flow problem with the half-Glauert spacing over
the chord.
It has been shown by James(1972) that, if the total chord
is divided into equal intervals(i.e., the uniform spacing) with
a vortex at the uarter chord and a control point at the three-
quarter chord of each interval, the steady lift is determined
exactly for a flat plate or parabolic camber line. The uni-
form discrete vortex arrangement contains an implicit Kutta
condition, and it is clear that an explicit Kutta condition is
unnecessary as far as steady flow is concerned. However, in
unsteady flow the problem is more complicated owing to the
presence of the shed vorticity. If the unsteady problem is
to be solved at a set of discrete, uniformly spaced time steps,
the shed vorticity will be spaced uniformly in the wake behind
the trailing edge. This spacing will not necessarily match
the spacing of vortices over the chord, so that a problem
exists in obtaining accurate values of the induced velocity
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near the trailing edge.
An explicit Kutta condition alleviates this problem, since
one or more control points near the trailing edge can then be
eliminated. This can be shown most easily by a specific ex-
ample, which we will take to be the form of the numerical
Kutta condition along the streamwise strip selected for use in
the present program for solution of the subcavitating propeller
problem.
The vortex spacing over the chord is uniform with spacing
6&, and the discrete vortices Fr s are located at the quarter
n
chord of each interval. The vortex spacing in the wake is
also uniform with spacing w which is not necessarily equal
to . The discrete shed vortices are denoted by Fn , where
n
the supercripts w and s are used to distinguish the shed vor-
tices from the spanwise vortices. The continuous vortex sheet
strengths at the positions of the discrete vortices are approx-
imated by Fns/6E and F W/6w, respectively. As shown inn n
Fig. 4.1.1, the latter is approximated by two linear functions
whose values match at the trailing edge in accordance with the
requirement imposed by the Kutta condition. The strengths
of the last spanwise vortex over the chord, FNs , is therefore
a linear combination of the strengths of the preceding vortex
on the chord and the first two vortices shed in the wake,
Js = 3F~ls + (5 w - w2L)(6./6w)
r rN-' + (5 r.1w .... r2) / (4.1.1)
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The strengths of the shed vortices may be related to the
time history of the circulation around the section, since from
Kelvin's theorem the total circulation around the section and
its shed wake must be zero, thus
Nw _sr 1- r
1 n=l n
N
w
- Wn=2n 
(4.1.2)
where N is the total number of shed vortices, which is
w
therefore equal to the total number of discrete time steps
occurring since the beginning of the motion.
Substitution of Eq. (4.1.2) into E. (4.1.1) leads to the
final result
5- (-5 N - NW(
N 71 +Kin + KrJ+.i,}N-I(165~ )w
(4.1.3)
F.C ~ N2 = W 5 
1 + ZL=+ •Xvw1 -( 2 3 5)r s+ - ,"
n=2.. 7 + N -1
+~~
7 6(4.1.4)
(4. 1.4)
Equation (4.1.3) expresses the strength of the last discrete
vortex on the chord as a linear combination of the strengths
of the first N-1 vortices on the chord and the strengths of all
the shed vortices except for the one immediately behind the
trailing edge. The latter is also expressed as a linear
- 60 -
combination of those same quantities in E. (4.1.3). The
strengths of all the shed vortices except the first are known
from the past history of the motion since each shed vortex is
simply convected downstream by an amount w in each time step.
This leaves the strengths of the first N-1 discrete vor-
tices over the chord as the unknowns to be determined from the
boundary condition which must be satisfied at each discrete
time step. The use of Eqs. (4.1.3) and (4.1.4) insures that
the requirements imposed by the Kutta condition and Kelvin's
theorem are automatically satisfied.
Since the number of unknowns is now N-1, the problem is
over-determined unless one control point is removed. It would
seem most logical to delete the last one, thus replacing the
satisfaction of the boundary condition at this point by a
direct condition imposed on the strength of the last vortex.
Lee(1977) showed by numerical experimentation that, for
the three-dimensional subcavitating planar hydrofoils with
spanwise variation of chordlength, the lift is not sensitive
to time steps or wake spacings if the explicit utta condition
is used. Thus application of this Kutta condition along each
streamwise strip of the propeller is valid. Systematic tests
and comparison with other form of the Kutta condition may be
found in Kerwin and Lee(1978).
The linear distribution of vorticity is not appropriate
when it is applied to discrete system with large spacing near
the trailing edge. With the half-Glauert spacing, the last
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two elements include over 30% of the chord when the number of
discrete vortices over the chord, N, is 10. A linear distri-
bution of vorticicity over this much of the chord does not
approximate the true distribution with sufficient accuracy.
The half-Glauert spacing would require 20 - 30 elements to
achieve suitable accuracy. For the cavitating flow problem,
it should be noted that the vortex distribution may have sin-
gularity right behind the cavity trailing end, and hence the
linear approximation is totally unacceptable when the cavity
extends to the trailing edge of the blade. The only way to
solve this problem is to return to the implicit Kutta condition
which allows more freedom in distribution of vorticity. Even
though this might be less accurate, it is acceptable on the
basis that it allows the cavity to extend to and even beyond
the trailing edge.
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4.2. Tangency Condition on Wetted Surface
The kinematic boundary condition on the wetted parts of
the blade surface is that the resultant normal velocity in the
body-fixed surface coordinate system should vanish; see Equa-
tion (2.2.2). The total fluid velocity may be written as a
summation of the individual contributions as follows:
=noV = n { V + VQ + VI + VB + V }
on the camber surface (4.2.1)
The superscripts and Q denote the velocities induced by the
vortices and cavity sources lying on the key blade and its wake,
the superscript denotes the velocity induced by the singu-
larities lying on the other blades and wakes, the superscript
B denotes the velocity induced by the sources representing
blade thickness, and the superscript I denotes inflow velocity
including the ship wake and propeller rotational velocity.
The induced velocity can be written as a summation of the con-
tributions of each discrete singularity element representing
the propeller and its wake, and hence Eq. (4.2.1) may be re-
written for the (i,j)th control point
m=l nul
L K;inmM+I N ci [z =pi
yLJnim Qnm
M NmI
I=1 VI=-
z B
r I 
+ i. .- V.. + V.-
-'1 - Ili
- V.v. 1
+J
7
where nm is the strength of discrete vortex element located
at the n-th chordwise and m-th spanwise element, and the super-
scripts s,c,w, and t stand for spanwise, chordwise, shed wake,
and trailing vortices, respectively. The symbol Qnm denotes
the strength of line source element per unit length located
at the (n,m)th element, and NQ denotes the number of cavitat-
ing elements at each radial interval, which will be determined
as a part of a solution to the boundary value problem. The
induced velocity components normal to the (i,j)th control
point due to the (n,m)th unit strength vortex and cavity source
are denoted by Kijnm and Hijnm, respectively. The strength
of the chordwise vortices is expressed by satisfying the
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W W
Km jnmn
t +t 7
K Ejm n
NW
M1+ L
n=l
n=l
(4.2.2)
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principle of vortex conservation at each vortex lattice inter-
section. Thus, for the (n,m)th intersection
c _ s s+ cr =r -r + 
rInm nm-1 rm n-l,m
n
-{ r - rm } (4.2.3)
Z=i Z,m-l 1,m
Kelvin's theorem is applied to each chordwise panel of the
blade and wake to determine the strength of the first shed
vortex; the chordwise panel being the area between two adjacent
chordwise vortex lines and their associated trailing vortices.
The total circulation around the blade section and its shed
wake must be zero; thus
N Nw
mw Irnm -+ I nm } (4.2.4)
n=l n=2
Substituting Eqs. (4.2.3) and (4.2.4) into Eq. (4.2.2),
and rearranging the summations for the shed vortices, one
obtains
M N .C=LIZ [ K~m+ (,KQ(mM) Kijgm)- Kijimj1.
Nw tt
+ K [ i-4 r+ Ktj () (Intl) K L~j nim] rtn+
n 2 H~~jnM~~nz = 2;j 2 (4.2.5)
mtH n={
- 65 -
where T (t) is the total circulation around the m-th blade
m
section at time t
t N (t)
Tm { rn } (4.2.6)
n=l n
where t is the time index for the present time step, and d..iJ
is the following combination of known quantities
d.. = - n. { V.. + V + V.. } (4.2.7)
dzi -1 -1] -I-
Focusing on one chordwise panel, it can be seen that the
coefficient of srepresents the induced velocity by a closed'
nm
vortex, which is composed of the (n,m)th spanwise vortex on
the blade, the first shed vortex in the wake, and two chordwise
vortices connecting the ends of the spanwise vortex and first
shed vortex as shown schematically in Fig. 4.2.1. The coeffi-
cient of T (t-n+l) represents the velocity induced by shed
m
vortex quadrilaterals at time (t-n+l). It should be noticed
that Kelvin's conservation of vorticity theorem is satisfied
automatically by the closed vortex structures. It seems
natural to introduce another notation for closed vortices, and
hence Eq. (4.2.5) can be rewritten
M N M Q
Z K.. r + Z wH Q
m m=l n=l n=l n=l
[w N(t-n+l)
= d.. - I .. T, (4.2.8)
1] m=l n=2 4.nm m
where the left superscript w is introduced to distinguish the
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Fig. 4.2.1 Illustration of closed vortices on blade
and in wake (For clarity, the chordwise
vortices are shown with reduced. span.)
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normal component of induced velocities from tangential com-
ponent that will be defined later.
Equation (4.2.8) is sufficient for the tangency boundary
condition for the case of the cavitating propeller problem.
But further reduction is necessary for the subcavitating case
to incorporate the explicit Kutta condition along each chord-
wise panel which is derived in the previous section. Since
the singularity spacing is a function of radius, it is neces-
sary to introduce the spanwise index m into Es. (4.1.3) and.
(4.1.4). Substituting Eqs. (4.1.3) and (4.1.4) with spanwise
index into Eq. (4.2.8) and rearranging, one obtains
M --IW 
n'±lCimW~j~m) i7l+ C2MKE t E ( Kiini + m KI ) M m m ij gm rigj ma
Ynm~~n= m
-5where (4.2.9)
3
wherC ~(~)m+ 52m 7 + ii
-1
mh =m
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It should be noted that the terms involving cavity sources are
deleted, since this equation will be used only for the subcavi-
tating propeller problem.
Before closing this section, it is useful to examine the
local property of the source influence function WH.nm wheni]nm
the control point indices (i,j) coincide with the source
indices (n,m). If WH.. were computed for an ideal linezjz]
source, it would blow up, since the tangency boundary condition
control point lies on the source line. At a point on a sheet
of continuous source distribution, the source density, q, and
the normal velocity, w, can be related as
m+
-2w = + q2 (4 2 10)
where + denotes the suction and pressure sides of source sheet,
respectively. If we wish to replace the source sheet of ele-
mental area, AA, with a line source of length, A, of equiv-
alent strength, then by equating mass flow we may write
Q A = a AA , (4.2.11)
in which Q is the source strength per unit length. Thus the
source influence function at the source point may be written as
WH .. ij = -( = Qij A/2AA . (4.2.12)
If either i n or j m, the influence of a line source is
a satisfactory approximation to the influence of a source sheet.
- 69 -
4.3. Kinematic Condition on Cavity Surface
We will employ the surface coordinate system (,,.)
introduced in Appendix B to derive the equation for the kine-
matic boundary condition (2.2.3) on the cavity surface. We
define the C coordinate of the cavity surface by g(~,n,t).
The exact kinematic boundary condition can be derived by re-
quiring that the substantial derivative of the quantity
F(E,n,f,t) = - g(~,n,t) vanish on the cavity surface; i.e.,
DF/Dt = (/9t + VV)( - g) = 0 (4.3.1)
After differentiating, we obtain the exact equation for kine-
matic boundary condition,
U3 + w = g/at + (U1 + u) g/a + (U2 + v) g/n ,
on C = g(E,n,t), (4.3.2)
where (U1,U2,U3) and (u,v,w) are the inflow and induced vel-
ocities, respectively, in the (,n,r)-directions.
We define the helical inflow velocity, U, as
U= (r) + (r) , (4.3.3)
where V (r) is the longitudinal inflow velocity averaged over
one propeller revolution, and is the radian rotational vel-
ocity of the propeller. Under the assumptions made in Section
2.1, the geometric quantities such as angle of attack of the
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section, camber ratio, and thickness ratio are small. Chord-
wise fluctuations in the incoming flow will be assumed to be
small compared to Ur, and spanwise velocities will be neglecte&.
Gusts, or perturbations normal to the camber surface, will be
taken into account. Hence we may write
U1 a Ur, U2 = 0 U3 wg , (4.3.4)
where w denotes the gust.
g
If we assume that g/D is of order , and if the aspect ratio
of the cavity, AR, is much greater than 1, then
3g/an = O(E/AR) << 1 . (4.3.5)
The perturbation velocities are assumed to be small accordina-
ly, and hence higher order terms in Eq.(4.3.2) can be neglected
to result in a linearized kinematic boundary condition equation
wg + w = ag/at + Ur g/a , on C = 0 (4.3.6)
Wg r''
The assumption of small thickness allows the boundary condition
to be applied on the camber surface, = 0, consistent with
the linearization.
Equation (4.3.6) implies that the kinematic boundary
condition is effectively reduced to the two-dimensional chord-
wise strip, since the n-coordinate does not appear explicitly.
This would allow the pure two-dimensional stripwise application
of the kinematic boundary condition possible.
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But it may be advantageous in terms of accuracy to retain
certain non-linear terms in Eq. (4.3.2) to get a better result,
if the additional computation effort required is small. We
first observe that the relation (4.3.5) does not hold near the
tip. Over the most of the cavity surface, we may estimate
that the perturbation velocities u and v are small. However,
the chordwise vorticity, yc, becomes large at the tip, having
a strong local effect on v. For a short cavity, the effect
of the streamwise perturbation velocity may be large, since
the perturbation velocity, u, is an increasing function of the
local cavitation number, which is very large for the short
cavity. Hence the kinematic boundary condition with two
higher-order terms can be written as
Wg + w = ag/at + (Ur + u) g/g + v g/n,
on C = 0 , (4.3.7)
with the boundary condition still applied on camber surface,
assuming that the cavity thickness is small.
Equation (4.3.7) for the kinematic boundary condition on
the cavity surface is now written using the + superscript to
denote the suction side of the blade, (blade thickness is con-
sidered to derive the blade thickness formula at the same time)
+ + +
w + w =ag/at + (U +u) g/ + v Wg/ang r
on =0 + (4.3.8)
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f+
Two blade surface functions, f (E,n) and f (C,n), are
defined for the suction and pressure sides of the blade, respec-
tively, from the blade thickness function T( ,n)
f+( ,n) = T(E,n)/2 ,
(4.3.9)
f (~,n)=-T(E,n)/2 ·
Therefore the kinematic boundary condition for the pressure
side of the blade may be written as
wg + w = af /t + (U + u ) f / + v f /an ,g ~~~~~r
on C = 0 . (4.3.10)
Again, for simplicity, the kinematic boundary condition is
satisfied on the camber surface. To simplify the manipula-
tion we rewrite u+, u , v, and v as follows:
u = u + 6u ,
u = u - u ,
v = v + 6V ,
V = V - S .
Let us define the cavity thickness, h(~,n,t), in terms of the
blade surface and cavity surface
h(~,n,t) = g(~,n,t) f+(E,) (4.3.12)
Thus subtracting Eq. (4.3.10) from Eq. (4.3.8), one obtains
+ + +w - w = 3h/t + (Ur + u+) h/aE+ v+3h/n
+ ~/~t (r +u)3/ 
T~
+ 3T/t + (Ur + ) aT/3 + V- /T 4/n
(4.3.11)
(4.3. 13)
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It should be noted that the first three terms of the right
hand side of Eq. (4.3.13) are related to the cavity thickness,
and the last three terms are to the blade thickness. Since
Eq. (4.3.13) is linear in h(~,n) and T(~,n), it can be separated
by introducing two systems to represent the normal velocity
jump across the camber surface, i.e., two distinct sets of
sources distributed over camber surface,
(w+ - T T ,
+ -h h(w+ -w) =q q(E,n,t) , (4.3.14)
where the superscripts T and h denote the blade and cavity
thickness, respectively. The source strength for the blade
thickness is obtained by a stripwise application of thin-wing
theory or Eqs. (4.3.13) and (4.3.14a) at each radius. We
assumed in Section 2.3 that this distribution for the blade
thickness is independent of time, and this assumption is con-
sidered to be justified in recognition of the secondary influ-
ence of blade thickness on both mean and fluctuating blade
loading. We are primarily concerned with the cavity thick-
ness, hence we will drop the superscript from the cavity
distribution function.
Thus the cavity thickness, h(E,n,t), is formulated as
q(E,n,t) = h/at + (Ur + u+) 3h/3 + v+h/n,
on = 0 . (4.3.15)
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The above equation without the perturbation velocity terms,
+ +
u and v , is a linear differential equation of first order.
But since the perturbation velocities are not constant, and
rather dependent on the strength of singularities, the equa-
tion is truly non-linear, hence an iterative procedure is
indispensible to solve this equation. With an iteration
scheme in mind, it is considered that the perturbation veloc-
ities would be known effectively in terms of the values at the
previous iteration step, if sufficient number of iterations
are performed. But to save the computation time, only lead-
ing contributions are included in approximating these veloc-
+ities. The streamwise perturbation velocity, u , is approx-
imated by the steady linearized flow as
u a
U+ 2 IF (4.3.16)
r
where a is the local cavitation number based on the local
inflow velocity, Ur,
1 2
a = (p - Pv)/ 2Ur . (4.3.17)
The spanwise perturbation velocity, v+, is approximated by
the chordwise vorticity, assumed to be known from the pre-
vious iteration,
v - c/2 , (4.3.18)
assuming the mean spanwise component is negligible.
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To apply Eq. (4.3.15) to the non-orthogonal coordinate
system of the discretized blade as defined in Appendix B, we
may recall Eq. (B.4) to obtain the equation in a new form
+ + +
q(E,n,t) = h/at + (Ur + u - v tanc) Mh/3 + v secs h/an,
on = 0 , (4.3.19)
where is the angle of n coordinate relative to n coordinate,
and the n coordinate is defined to lie on the spanwise source
line segments.
Let us introduce a notation for the coefficient of h/a
= U +u+ - v+tan . (4.3.20)
r
Equation (4.3.19) can now be written in a diseretized
form for the (n,j)th element, omitting the radial index j for
simplicity, unless otherwise required for clarity,
- - (t-l) h h
n n - . n n-l + Ah
q A+ U + v sece 
At AE n
hn + h n
= n n-l (4.3.21)
n 2
where hn is the cavity thickness at the panel boundary as
shown in Fig. 4.3.1, A is the chord length of the element,
n
and the superscript (t-l) denotes the previous time step.
The quantities at the present time will be described without
the superscript.
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h
L.E.
Fig. 4.3.1 Illustration of cavity thickness form
h
L.E.
Fig. 4.3.2 Sketch for definition of F
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nj
The spanwise derivative, h/3n, for the n-th chordwise
element along the j-th radial interval is approximated as
(Dh)_ n,j+l. n (4.3.22
An, Ann j
where the superscript c denotes the cavity thickness along the
chordwise boundaries of the element, which is again approx-
imated as the average of the cavity thickness on the surround-
ing spanwise boundaries
h C hn-lj-l+hn,j-l+hn-.l, j+hn, j
n,] 4
4
)
(4.3.23)
According to the closure condition (2.2.4), we set
h c = 0 ,n,M+l
h chn,1
along the tip boundary
(4.3.24)
= 0 , along the hub boundary
Substitution
leads to the
of Eqs. (4.3.23) and (4.3.24) into Eq.
result
D , I'I ( n-t jtl n'jtI) ( nj nj-l )
| .f 0'(L, k_ nJ.;+ ) -( nj ;t)1
4ar1A. ( k iI Il
2 (j.< M-t
j=M
= - .t -,- n.jJ
+i hnj) + ( I_,.+ ni )J
_ I + +
- - (~ nfl-tj fl1i + )
(4.3.25)
(4.3.22)
4'al -  N --Ir-1, J-1 .1i I I j 'j
" 1) - - I ( I , L )
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where K i the abbreviated notation for the quantities that
are determined from the values on the adjacent strips.
It follows from Eq. (4.3.21) that
+-1
· ~ ~ ~~~~~~~~. U,
1= (h + h ) - 2t(hn + hn )(t-l) + n(hn - hn)qn 2At n n-1 Atn nl ~ -
+ v sec+ V seco
K
.1
1K - 1 (h
K + 1 h lj
2 j M-1
+ hn,j ) ,,
+ hn,j )
(4.3.26)
where the subscript j is partly retained for clarity.
To simplify the manipulation, we further introduce notations
. A .
R = -n
n =2i At
n
0
r - v + A n
rn = q q, - sc S:
4U nAT)n
nnv tAn
+ nW An n e 
, 2 ij4 M-1
i =M
, j = 1
R = R +r
n n n (4.3.27)
It is appropriate to relate the source density, qn, with the
strength of the line source per unit length, Qn' by recalling
j =M
j = 1
I
I
---,,
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Eq. (4.2.11) and by defining the area of the element as
AA = (Ac)(A) os , (4.3.28)
hence
Qn = qn An cos . (4.3.29)
Equation (4.3.26) is now rearranged using Eq. (4.3.27) to
result in the recurrence formula for the cavity thickness
A1 - R 1 FR
n l R hnl 1 + n + n n-l'
~~n 1 n n-
(4.3.30)
Qn 0 ~~+Qn = j sec - ( A n sec ) K ,
n U
n
(4.3.31)
and a factor F is introduced to account for the relative
position of the cavity trailing end at the previous time step
with respect to the spanwise boundaries of the element. This
factor is defined as follows; refer to Fig. 4.3.2,
(t-l)
F = 
0
1
- n-1 for (a)
for (b) (4.3.32)
for (c)
where (t-l) is the cavity length at the previous time step.
where
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4.4. Cavity Closure Condition
The closure condition (2.2.4) for the cavity states that
the cavity thickness be zero along the leading and trailing
edges of the cavity, and also along the inner (hub) and outer
(tip) extreme boundaries of the cavity surface. This condi-
tion can be stated in the discretized space that
ho = 0 , hL = 0 (4.4.1)
where the subscripts 0 and L are indices for the leading and
trailing edges of the cavity, respectively.
Recurrsive use of the thickness formula (4.3.30), together
with the closure condition relations (4.4.1), after tedious al-
gebraic work, will result in a numerical closure condition
equation in discretized form
( Equation (4.4.2) is given in the next page. )
+ -
1-i RL
L
(t-I)
RL
- F -
I + L
w[ere
L L
-L =I kn
z -L-
A~L
I RI
4V
(t-')
L
(-k-I}c& h )
tbh-l)F R In- . K n
I!+ Rn
\bere F = , 4 V- 
I - hn
I t R,
L-l
-L
n=1
N-
n=L I
+R.
I + R'.
4-
(4.4.2)
where L(t-l) is the number of the cavitating elements at the
previous time step along the chordwise strip of interest.
I R
I +Rn
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I Rk
L- i
n -1
L-I
n=1
L
k=ntl
L
k(fli I +R k
L-I
(t-) < L
L <-L
(4zk-:- )
(tL-I)
L ; L
(
Rt, -
I In
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To facilitate further manipulation, it may be found con-
venient to rewrite Eq. (4.4.2) in the form
L
n=
(4.4.3)
where R is the abbreviated notation of the right hand side
of Eq. (4.4.2), and
L I-R 1x~~ ~ ~ ~ ~ --_ _k~~~~~~nn ( + 1 - R n
1
l+RL1 RL
for n < L-l
(4.4.4)
for n = L
Recalling Eq. (4.3.31), Equation (4.4.3) can be written as
L L +
nZ se Q = A + xR( 3 -Ansec K
n n n-1 n Unn=l n n1l nR
- R
(4.4.5)
where K is defined in Eq. (4.3.25).
It should be noted that this closure condition is applied
to each chordwise strip.
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4.5. Dynamic Condition on Cavity Surface
From Bernoulli's equation (A.13), we write an expression
for the pressure along the chordwise panel at radius r, in the
blade-fixed coordinate rotating with radian velocity w',
+a t+P 2 +pgy2
P + Pt + P + 2 Ur (4.5.1)
where is the perturbation potential, yo0 is the vertical co-
ordinate fixed on ship measured positive upward from the shaft
center, Ur is the undisturbed inflow velocity at radius r, de-
fined in Eq. (4.3.3), and p is the pressure at infinite up-
stream at the depth of the shaft center. Recalling the rela-
tion (4.3.4), Eq. (4.5.1) may be rewritten on the cavity surface
as
P _ = - u  - P (u2+v2+w2 ) - PgYo (4.5.2)
- ~ =_ I~~ ~ (4.5.2)
where (u,v,w) are the induced velocities along (,n,C)-coordi-
nates, respectively. For most of problems we encounter, the
quadratic terms in Eq. (4.5.2) are negligible, and can be
dropped to give the linearized equation
P P =- -t u r- Pgyo . (4.5.3)
We will use a backward difference formula for the time
rate of change of the velocity potential, i.e.,
at- 1 t(t-l)) (4.5.4)
at = At( - )
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Equation (4.5.3) may then be written in a form
P~~~~~~~~~~~~~~~~~~ .
_ pt _ UUr_- (p p0 ) = AAt 0 - puU - _ (t-) + gyo
(4.5.5)
The streamwise component of induced velocity, u, in the left
hand side of Eq. (4.5.5) is expressed as linear functions of
the strengths of vortices and sources, in a manner similar to
what was done for the normal component in Eq. (4.2.2).
Therefore, the expression for the streamwise component of
induced velocity at the (i,j)th control point is written as
M N M NQ
ij ml nl ijnm nm ml nm n ij 
m--l =1 = =
(4.5.6)
where the coefficients of s and nm are defined as in Equa-
n Qm
tion (4.2.8) with the left superscript, u, denoting the stream-
wise component of induced velocity, and u.° 0 is the streamwise
component of induced velocity due to singularities other than
those on the key blades.
The potential at the (i,j)th control point along the
suction side of the blade may be written as
.j = .ij + O ..Q + .O .0 (4 .5 .7)
.. is the odd part of the velocity potential across theiJ
camber surface, which is approximated by
i
r 1 s
,D ij -f 2- r nj ~~(4.5.8)
n=l
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c..Q is the cavity-induced potential and may be written asiJ
M N
ij m=- _ ijnm Qnm (4 5 9)
where ijnm the potential due to a unit source element is
derived in Appendix D; .. O is the potential due to the cavityiJ
sources on the other blades and is computed much the same way
Q
as ij 
Substitution of Eqs. (4.5.6) through (4.5.9) into Equation
(4.5.5) leads to the following result, for the (i,j)th control
point,
M Q
ri=1 rn-. E= 
- (m + H;
(I(-)
':~ 'l~ - t )pt\Ll ± i .) ± f (LL i- . )
0t+ o + 1 "LJ O~(4.5.10)
The right hand side containing all the known terms will be
defined as
Ct-i)( QQti) ) t at (-'I ) + ± + fj r
Ljt U(4.5.11) (4.5.11)
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It should be noted that the pressure corresponding to the
assumed cavity length will be computed at each time and com-
pared with the prescribed cavity pressure, Pv. An iteration
procedure to satisfy the dynamic boundary condition is de-
scribed in Section 5.2.
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4.6. Formulation of the Simultaneous Equations
Since optimum spacing and implementation of numerical
Kutta condition for the subcavitating and cavitating problems
differ each other, and since the two problem requires the
different kinds of numerical procedures, it is necessary to
derive two distinct sets of simultaneous equations for each
problem.
For the subcavitating propeller problem, applying
Eq. (4.2.9) to I=MX(N-l) control points, a set of linear simul-
taneous equations representing the tangency condition is
obtained. The control points and unknown vortex strength
are renumbered as vectors so that the simultaneous equations
take the familiar form
I
Zl a p q bP for p=l,2,...,I,
q=l pqq p (4.6.1)
x = , for q=(N-l)(m-l)+nq nm
where apq is the suitably reordered induced velocity matrix,Pq
and bp is the right hand side of Eq. (4.2.9) with
p = (N-l)(j-l)+i. The solution to this matrix equation is
straightforward, at least conceptually.
For the cavitating propeller, Eqs. (4.2.8),(4.4.5),
and (4.5.10) must be solved simultaneously. However,
Equation (4.5.10), the dynamic boundary condition for the
cavity, should be applied only to the cavitating region,
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whose extent is not known a priori. Therefore, the solution
will not take the simple form of Eq. (4.6.1); but iterative
techniques must be used to determine the cavity extent.
Since we assumed that the cavity starts at the leading edge,
the task is now to determine the spanwise and chordwise extent
of the cavity. The iterative procedures to find the cavity
extent are very long and time-consuming. It is found to be
efficient to consider the unknowns in one chordwise strip at
a time. This procedure reduces the size of the matrix. The
cavity length is determined for the chordwise strip being con-
sidered. Then spanwise strip-by-strip iteration becomes
necessary to update the interactions of the adjacent strips.
These two steps are described in detail in Section 5.2.
Let us assume that we are solving the problems for the
j-th chordwise strip with assumed NQ cavitating elements, and
that the values on the other strips are known from previous
calculations. Then Equation (4.2.8) may be rewritten for the
j-th strip
NJ<.° C] S Nc M~ij nK + w~~~~H,i,,i
m l- ZIZIKijni ZZiijnmnm Ainm =l l
m=1 n=?- Vn n=f J
for i=l,2,...,N (4.6.2)
- 89 -
Equation (4.5.10) may also be rewritten, for the j-th strip,
with a slight rearrangement
L 5
-ev Laft no
tn=l
N 0
-ufur E]l
K -I Hjnj Qnj
1= 
M W L El
= e+ eu_7YK V
M-_ n=1
Mne
t inwl
1-4
hna ril
+fUrU.jnm) Qnm
for i=1,2,...,NQ (4.6.3)
Equations (4.6.2), (4.4.5) and (4.6.3) are sufficient to de-
termine I=N+l+NQ unknowns, which are composed of N unknown
strengths of vortices, NQ unknown strengths of sources and a
pressure inside the cavity. A set of simultaneous equations
may be formed
I
Z> a x = b I
q=l Pqq p
for p=l,2,...,I,
where apq is the coefficient matrix obtained by suitably
arranging the coefficients of r .s, (pop), and Q from
nj ( ) , and nj o
Eqs. (4.6.2), (4.4.5), and (4.6.3), x is the q-th unknown of
q
(4.6.4)
-(P-?.) -
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a vector
x = { rlj , 2j' ' rNj (PP) Qj, Q2j, Q T 
(4.6.5)
and b is the p-th element of a vector composed of the right
hand sides of Eqs. (4.6.2), (4.4.5), and (4.6.3), respectively.
hand sides of Eqs. (4.6.2), (4.4.5), and (4.6.3), respectively.
- 91 -
V. METHODS OF SOLUTION
5.1. Stepwise Solutio n Time Domain
The discretized boundary value problem for the subcavitat-
ing flow is established in Eqs. (4.2.9) and (4.6.1), where
the unknown variables are the strengths of the vortices on the
key blade. The stepwise solution method is employed for the
solution of the boundary value problem in the time domain, in
which the results from the key blade are used to update the
strengths of singularities on the remaining blades, while
trailing and shed vortices are being convected downstream to
account for propeller advance. An alternative would be to
satisfy the boundary condition on all blades simultaneously
and use the results only to update the effect of the shed vor-
ticity from each blade. Looking ahead to the cavitating prob-
lem, the latter method is rejected, since the large matrix,
augmented to include the unknown cavity sources, is not well
suited for the numerical procedure.
The solution procedure in the time domain is identical
for both the cavitating and subcavitating problems, and hence
the procedure for the cavitating problem is described. For
the subcavitating problem, the terms due to the cavity are
simply ignored.
First consider the problem of advancing the solution by
one time step, assuming that a large number of previous time
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steps have been completed. The key blade is oriented at an
angle 00 with respect to a coordinate frame fixed on the ship.
The relative inflow velocity, the velocity induced by the
sources representing the blade thickness, the velocity induced
by the vortex and cavity source elements on the remaining
blades and in the wake are combined to produce an effective
inflow seen by a one-bladed propeller. Then the simultaneous
equations (4.6.1) for the subcaviting problem or (4.6.4) for
the cavitating problem are solved for the unknown strength of
the spanwise vortices and the cavity sources on the key blade
at the present time.
As this process is repeated, the unsteady shed vortices
are convected downstream and ultimately develop a steady-state
oscillatory pattern, while the circulation and cavity source
strengths on the other blades are updated as mentioned above.
The process may be considered to have converged when two suc-
cessive propeller revolutions produce results which are iden-
tical to within the desired accuracy.
While the procedure as described may be started with the
propeller initially at rest, this has been found to be very
inefficient. In particular, the mean loading approaches its
steady state value in an asymptotic manner similar to that
predicted for the analogous two dimensional situation by the
Wagner function; see for example Bisplinghoff(1955). A better
initial startup procedure is to replace the ship wake with
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its circumferential mean value at each radius, and to convect
the trailing vortex wake away with infinite speed. This can be
accomplished by a relatively minor change in the computer
program, and permits the mean loading to be determined rapidly.
The solution process for the cavitating propeller is sig-
nificantly more expensive than for the fully wetted propeller.
Therefore, the initial startup procedure is carried out for
the fully wetted propeller only. Once the steady flow solu-
tion is established, the circumferential variations in the
wake field are "turned on" and the unsteady flow solution is
found for the fully wetted propeller.
If the solution for the cavitating propeller is desired,
it is started from the unsteady flow solution to the associated
fully wetted propeller, by introducing the cavity source terms.
Since the cavity closure conditionequation contains the cavity
shape of the previous time step in the right hand side, a bad
approximation for it may slow the convergence. It is,
therefore, recommended to "turn on" the process for the cavity
solution just before the key blade enters the high ship wake
region, at which the blade will start cavitating.
5.2. Chordwise and Spanwise Iterations for Cavity Extent
To determine the cavity extent and source distribution
for the unsteady cavitating propeller, two spatial iteration
processes are to be employed in addition to the updating
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procedure illustrated in the preceding section.
Unknown cavity length and source distribution will always
be confined to one chordwise (or streamwise) strip by assuming
that the cavity extent and source and vortex distributions on
the other streamwise strips be known either by an initial
approximation or by the most recent solutions on those strips.
The iteration starting from the hub strip (or from the
tip strip) to the tip strip (or to the hub strip) and then
back to the other end of the propeller blade is found to be
very efficient, showing a very fast and stable convergence
character. For most cases tested, two or three radial
(outward or inward) iterations were sufficient to get the-
converged values.
To determine the cavity length and source strength for a
particular strip, we begin by guessing the cavity length
(again from the adjacent strip or from the previous iteration)
coresponding to the discretized element boundaries.
Pressure (or the cavitation number) corresponding to the
assumed cavity length will be determined by solving Eq.(4.6.4).
If the computed cavity pressure is lower than the
vapor pressure, a longer cavity length will be tried until the
computed pressure becomes higher than the vapor pressure.
If the initial computed pressure is higher than vapor pressure,
a shorter cavity length is used until the computed pressure
becomes too low.
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A linear interpolation formula can be used to determine
the cavity length corresponding to the vapor pressure using
the results of the two final trials. The strength of the
cavity sources as well as that of the vortices on that strip
can also be interpolated in a similar manner as is done to
get the cavity length, since the dynamic boundary condition
equation (4.5.10) on the cavity surface is linear. It is
assumed that the linear interpolation is appropriate for the
present computer program.
Since the coefficient matrix, apq, of the simultaneous
equation (4.6.1) is invariant in time, the Crout method is
appropriate for solving the equations, i.e. the coefficient
matrix is decomposed into the upper and lower triangular mat-
rices once at the beginning of the process and the unknown
vortex strength, are obtained by substituting backwards at
each time step.
The same procedure can not directly be applied to the
cavitating case, since the matrix size is varying with the
cavity length. One may be tempted to invert the matrices
coresponding to all possible discrete cavity lengths and store
them for back-substitution; but it is clearly not practical,
since it requires large storage space and hence reduces the
computation efficiency. An alternative approach can be
deduced by closely examining the elements of the coefficient
matrix, a , of Eq. (4.6.4). As is the case in the fully-
wetted problem, the coefficients of the vortex strength in
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the tangency condition equation (4.6.2) are invariant in time
for given chordwise panel, and hence this portion can be
inverted once in the begining and used to solve the simulta-
neous equations (4.6.4). This procedure, called the parti-
tioning method in algebra, is found to be particularly useful
for the solution of the simultaneous equation with a large
invertible submatrix. Details for this method may be found
in Appendix C.
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VI. DETERMINATION OF BLADE FORCES
The force and moment acting on the propeller blade can be
obtained by integrating the pressure jump over the blade camber
surface,
F = lAp n dA , (6.1)
= Ap (r x n) dA , (6.2)
where Ap is the pressure jump across the camber surface, n the
normal vector on the camber surface defined positive when
pointing upstream, and r the position vector from the origin
to the point of integration.
The pressure in principle can be computed by using Equa-
tion (4.5.1), once the strength of singularities, and hence
the kinematics of the whole flow field, are determined. But
for the cavitating flow case, the use of Eq. (4.5.1) is not
necessary. Since the dynamic boundary condition has been
linearized in Eqs. (4.5.3) and (4.5.10), the solution to the
boundary value problem, hence the computed pressure, is valid
only to leading order. The pressure distribution on the cavi-
tating side of the blade is already calculated in the process
of determining the cavity extent and source strength. To get
the pressure jump, it is necessary to compute the pressure only
on the wetted portion of the blade by using Eq. (4.5.10), with
only a negligible increase of computation time. Thus the use
of Eqs. (6.1-2) will result in the linearized force and moment
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acting on the blade of the cavitating propellers.
However, it is well known that the leading edge suction
force can not be properly treated when the pressure is integ-
rated on the camber surface only. Also non-linear induced
velocities are often brought into the procedure to meet the
increasing need for better accuracy. It is therefore appro-
priate to explore an alternative approach.
Since the procedure leading to the solution of the bound-
ary value problem for the subcavitating flow case does not
contain the pressure as an explicit variable, it is possible
to determine the strength of the singularities by only con-
sidering the kinematic boundary condition. Knowing the
strength of the singularities, the Lagally's and Kutta-
Joukowski's theorems can be applied directly to determine the
force acting on the individual element of singularity.
Thus an alternative method to obtain the force and moment
acting on the blade can be formulated by temporarily forgetting
the physical blade and considering the propeller to be replaced
by a rotating lattice of vortex and source elements which are
completely surrounded by water.
The force acting on the blade can be separated into the
following four components:
a) The force acting on an element of line source, which
is obtained from Lagally's theorem
ivF = - pVQ , (6.3)
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where V is the resultant fluid velocity exclusive of
the singular contribution of the line source at the
midpoint of the line element, Q the strength per unit
length of the line source, and dl the length of the
element.
b) The force acting on an element of the line vortex which
is proportional to the instantaneous value of V and
r. This can be obtained from Kutta-Joukowski's
theorem
SF = pV x r at (6.4)
c) The force proportional to the time rate of change of
the velocity potential, which follows from the unsteady
term in Bernoulli's equation (4.5.1)
6F = p n a ( b - C-) 6A . (6.5)
d) The viscous drag force which is assumed to act in the
chordwise direction, and for present purposes is exp-
erimentally determined.
In order to obtain the resultant velocity, it is necessary
to re-compute the induced velocities on each singularity ele-
ment, since the induced velocity for the boundary value problem
is computed at the control points. Although this can be done
readily following the same procedure as used to determine the
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velocities at the control points, the efficiency of the program
is reduced since the computation time is doubled.
It should be noted that the Kutta-Joukowski force (6.4)
is calculated both on the spanwise vortices and on the chord-
wise vortices, except for the chordwise vortices of the out-
board end of the tip panel, which are assumed to be separated
from the blade.
To obtain the force proportional to the time derivative
of the velocity potential, we first recall that the source
strengthsfor representing the blade thickness are assumed to
be independent of time, so that only the potential due to the
vortices is required. The jump in potential across the cam-
ber surface may be obtained from Eq. (4.5.8).
The time-derivative in Eq. (6.5) may be obtained by numer-
ical differentiation of the discrete vortex strength obtained
at several discrete time steps. Since the calculation of the
forces can be made after the results of the converged solution
have been obtained, the future is known, permitting the use of
a very accurate five-point central differentiation formula, as
described in Frydenlund and Kerwin(1977).
The viscous drag force of the blade sections when operat-
ing close to their ideal angle of attack can be estimated in
viscous drag coefficient. With the present vortex lattice
scheme,it is expedient to add the appropriate increment of
viscous drag to the force acting on each chordwise vortex
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element. A single value of drag coefficient is used over the
entire blade for the subcavitating flow case. Such a single
value of drag coefficient for the cavitating flow is not yet
fully studied, expecially for the partially cavitating case,
and hence the section viscous drag is not considered for the
cavitating case.
As the angle of attack departs from the ideal, the viscous
drag increases, as is clearly evident from two-dimensional sec-
tion data. While this can also be incorporated in an empir-
ical way, an indirect approach must be used since the equiv-
alent two-dimensional angle of attack is not determined ex-
plicitly. An alternative approach is to consider the increase
in drag due -to angle of attack as a lack of recovery of the
leading edge suction force. Since the chordwise component
of the force acting on the spanwise vortex closest to the lead-
ing edge is effectively the leading-edge suction, this can be
multiplied by a "suction efficiency factor", which is supplied
as an arbitrary function of leading edge radius. For the
cavitating section of the blade, it is evident that there is
no leading edge suction force, i.e., the efficiency factor is
zero. But in general for the non-cavitating section, this
value is non-zero. According to Hoener(1965), this is a de-
creasing function of leading edge radius, and his compilation
of data would suggest that typical propeller sections in outer
region of the blade have relatively low suction efficiencies.
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A leading edge suction efficiency of 1/3 was used at all radii
for all of the results contained in Chapter 7. Since the
suction efficiency factor should be determined in connection
with the section drag coefficient, this factor does not appear
in the present cavitating propeller program.
The final influence of viscosity to be accounted for in this
program is reduction of lift caused by boundary layer thick-
ness and separation near the trailing edge. Following the
work of Brockett(1966) on two-dimensional sections, the pitch
angle of the section is reduced by an amount
A = 1.9454 (to/c)(fo/c) (6.6)
where A is expressed in radians. This correlation is built
into the present programs.
As indicated in Eckhardt and Morgan(1955), additional
viscous correction terms are not required for NACA a=0.8 camber
lines, while for parabolic mean lines an additional pitch angle
reduction is required. Various values of this correction may
be found in the literature (Hill, 1949, or Van Manen,1957), and an
appropriate value may be introduced through a virtual change
in pitch, without altering the characteristics of the program.
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VII. PERFORMANCE PREDICTIONS FOR SUBCAVITATING PROPELLERS
PART A. STEADY SUBCAVITATING PROPELLERS
7.1. Influence of Number of Blade Elements
The influence of the number of chordwise and spanwise
singularity elements on the radial distribution of circulation
is shown for two propeller types. The first is Model No.4382
of the DTNSRDC series of research skewed propellers (Nelka,
1974 and Boswell, 1971) whose geometrical characteristics are
summarized in Appendix E. In this case, the propeller is
considered to have only one blade, in order to remove any
extraneous influences of the remaining blades. The numerical
lifting-surface program was run first with a basic spacing
consisting of 9 spanwise and 10 chordwise elements, followed
by two additional tests in which the number of spanwise and
chordwise elements were doubled. These arrangements are
illustrated in Fig. 7.1.1.
Figure 7.1.2 shows the resulting spanwise distribution
of circulation obtained with all three arrangements, and it is
evident that extremely satisfactory convergence has been
achieved. In particular, it appears that a change in the
aspect ratio of the blade elements by a factor of four, which
can be readily visualized in Fig. 7.1.1, does not have any
signigicant effect on the final result.
A similar test was run with the ITTC Comparative Test
propeller (Schwanecke, 1975), which is a Troost B4.475 design,
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and these results are shown in Fig. 7.1.3. In this case it
is evident that doubling the number of spanwise elements has
essentially no effect on the final result, as before.
However, doubling the number of chordwise elements increases
the predicted circulation by around 5 percent.
The explanation for this difference is that the NSRDC
propeller is designed with an NACA a=.8 camber line, while
the B-Series propellers are designed with essentially para-
bolic camber lines. The same type of behavior for these two
types of camber lines has been shown by Kerwin and Lee(1978)
for the two-dimensional foils. The discrepancy in this case
is somewhat less than would be predicted from the two-dimen-
sional test, due to the fact that some angle of attack load-
ing is evidently present for the B-Series propeller. The
two-dimensional tests showed that this type of loading is
predicted with negligible error by the present discrete
vortex arrangement.
7.2. Sensitivity Analysis of the Wake Model
The effect of systematic variations in the parameters
defining the geometric characteristics of the trailing vortex
wake is shown in Fig. 7.2.1 for DTNSRDC Propeller 4382.
Figure 7.2.la shows the influence of the roll-up angle, w, on
predicted thrust coefficient, KT. An extreme variation of
ew from 60 to 150 degrees results in a negligible change in
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thrust coefficient, thus indicating that this is not a critical
parameter.
Figure 7.2.2b shows the influence of slipstream contrac-
tion on thrust coefficient for three assumed values of the
transition wake pitch, T' In this case, it is evident that
contraction of the slipstream increases the predicted thrust,
with all other parameters held constant. This is presumably
due to a reduction in induced velocities for points outside
of the contracted slipstream. Water tunnel measurements of
slipstream radii obtained optically by Kerwin(1976), and more
recently obtained by Min(1978) using a laser velocimeter in-
dicate that the slipstream contraction ratio, rR, is very
close to 0.83 for a wide varity of propeller types over a
reasonable range of advance coefficients in the neighborhood
of their design point. The only exceptions are highly skewed
propellers, whose slipstreams tend to contract somewhat less,
a typical value being 0.92 for a propeller with a 720 skew.
It therefore appears as though slipstream contraction, while
important, can be readily estimated to within the accuracy
needed for propeller performance calculations.
Figure 7.2.1c shows the influence of the transition wake
pitch angle, ST' on predicted thrust for both a one-bladed
and a five-bladed propeller, with varying amounts of slip-
stream contraction. Here it is evident that the pitch angle
of the wake has negligible effect on the predicted thrust of
a one-bladed propeller, but is quite significant for a five-
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bladed propeller. The principal role of wake pitch angle is
to establish the distance between a given blade and the trail-
ing vortices shed from the blade immediately ahead. As the
pitch angle increases, this distance increases thus reducing
the wake induced velocity and increasing the predicted thrust.
To provide an indication of the degree of uncertainty in
predicting the transition wake pitch angle, the undisturbed
inflow angle, , and the hydrodynamic advance angle from
lifting-line theory, i, are both indicated on Fig. 7.2.1c.
Both measurements and calculations indicate that the correct
value is approximately the average of and i, so that the
resulting error in predicted thrust cannot be great if this
simple approximation is used. However, it is clear that
this wake parameter is the most critical in relation to the
uncertainty in its prediction.
7.3. Correlation with Experiments
a) DTNSRDC Propeller 4118
Propeller 4118(Boswell and Miller, 1968) has a particu-
larly simple blade geometry with zero skew and practically
constant pitch. The geometrical characteristics of this
propeller are given in Appendix E, and a plot of the blade
discrete vortex elements appear in Fig. 3.2.1 for the key
blade and in Fig. 3.5.1 for all three blades.
The open-water characteristics of this propeller as
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reported by Boswell and Miller(1968) and as predicted by the
present theory are shown in Fig. 7.3.1. The agreement be-
tween theory and experiment is satisfactory over a wide range
of advance coefficients up to the point of maximum efficiency.
Beyond this point, the experimentally determined thrust and
torque fall off more steeply with increasing advance coeffi-
cient than predicted by the theory.
In this region of operation, the cambered blade sections
are operating at a negative angle of attack, and it is
believed that viscous effects may cause a substantial reduc-
tion in lift, particularly for the thin outboard sections.
Since this is not a useful portion of the operating range of
a propeller, this discrepancy is not of great importance.
b) ITTC Comparative Test Propeller
Open-water tests of the ITTC Comparative Test B-Series
propeller were conducted by DTNSRDC with a model designation
of No. 3339(Hadler, et al, 1954). The test results at J=0.65
indicate a thrust coefficient, KT, of 0.219 and a torque
coefficient, KQ, of 0.360. The corresponding values obtained
with the present program agree exactly with these experimental
values to the number of significant figures given, which is
truly a remarkable coincidence! The calculations were made
with a viscous correction to pitch corresponding to an assumed
reduction of 15% in the lift generated by a parabolic camber
line.
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PART B. UNSTEADY SUBCAVITATING PROPELLERS
7.4. ITTC Comparative Test Propeller
Comparative calculations for a single propeller and ship
wake field using twelve different theories were compiled by
Schwanecke(1975) as part of a cooperative program to improve
the prediction of unsteady forces. It is therefore logical
to make use of this valuable collection of data in testing a
new unsteady lifting-surface program.
The propeller was the four bladed B-Series design which
was discussed earlier in connection with the prediction of
steady forces. The nominal axial and tangential wake field
for a Series 60 - CB=.60 model was provided at 10 degree
intervals, and the harmonic coefficients obtained from this
data are given in Appendix E.
As in the case of steady flow, convergence tests were
conducted for both a one-bladed and four-bladed version of
this propeller, with the same three vortex spacings shown in
Fig. 7.1.1. In addition, the angular increments of propeller
rotation used in the time step solution was varied between 3
and 12 degrees.
The amplitude and phase of the shaft-frequency variations
in thrust and torque on one blade obtained with various
spacings is summarized in Table 7.4.la. The convergence
characteristics are evidently quite satisfactory in this case,
with even the coarsest spacing being suitable for practical
Table 7.4.1 Convergence test for unsteady thrust and
torque with ITTC Propeller (B4.475)
a) First harmonic thrust and torque
No. 9 X 20 9 X 10 18 x 10
of 60
Blade (degi Amp. Phase Amp. Phase Am?. Phase
KT,1l 0.02396 254.8
12 -
KQ,1 0.00252 70.1
1 6 T,1 0.02453 253.4 0.02457 256.2 0.02459 256.6
K0Q,1 0.00250 68.1 0.00261 72.5 0.00257 73.0
KT,1 0.02476 256.7
3 ~
KQ,1 0.00264 73.1
KT,RTl 0.02312 247.0 0.02274 252.0 0.02284 252.44 6 _'
KQ,1 0.00274 63.5 0.00272 70.2 0.00270 70.7
Effect of the Other blades
68 9 X 20 9 X 10 18 X 10
(deg _
LKT,1/RTl 0.06 0.07 0.07
6 
AKQ,z/KQ,1 -0.10 -0.04 -0.05
b) Fourth harmonic thrust and torque
No. 9 X 20 9 X 10 18 X 10
of de
Blade (deg. Amp. Phase Ampp. Phase
12 KT,4 0.00077 292.212~..
KQ,4 0.000083 114.4
KT, 4 0.00076 289.4 0.00082 288.3 0.00085 288.81 ~60.00076
K Q,4 0.000072 108.2 0.000082 107.7 0.000086 109.7
KT,4 0.00085 287.0
3 
T,41 I Q,4 __ 0.000086 105.8 __________
KT4 0.00070 281.9 0.00074 283.3 0.00078 283.346r- ' '' 
KQ,4 0.00008 95.1 0.00008 99.0 0.000088 100.5
Effect of the other blades
66
(deg.) |9 X 20 9 X 10 18 X 10deg. ) 
6 T4/ 0.08 0.10 0.08
|R t Q,4-0.11 0.02 -0.02
0A4Ko4O4
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applications. The poor convergence attributed to the para-
bolic camber line in steady flow does not present a problem
in this case since unsteady loading is practically independent
of camber.
These results also show that the influence of the other
blades is quite small, presumably due to a large degree of
cancellation of once per revolution variations in induced
velocity. This is in contrast to the mean loading, where the
presence of the other blades substantially reduces the lift
on an individual blade.
Table 7.4.lb lists similar results for the blade-
frequency component of unsteady thrust and torque.
Convergence is again satisfactory, although it would appear
that 12 degree angular spacing in the time step solution might
be too coarse. The influence of the other blades is again
found to be quite small.
Comparisons with other theories are made in Figs. 7.4.1
and 7.4.2 in which the results of the present theory are added
to graphs reproduced directly from Schwanecke(1975).
Figure 7.4.1 shows the amplitudes of the first four shaft-
frequency harmonics of alternating thrust on one blade. The
bars grouped to the left are identified as "exact" theories
in the sense that unsteady effects are accounted for in a
three-dimensional manner. The bars grouped to the right are
"approximate" theories which utilize a variety of uasi-steady
or two-dimensional unsteady approaches as outlined in
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Table 7.4.2 Identifications of numbers in Figs. 7.4.1-2
Number in Name of author or
figure organization*
4 Hanaoka
6 Tsakonas
7 Jacobs
9 Isay
10 Rank
12 Verbrugh
3 Schwanecke
5 Ryall
8 CETENA
l1b USSR
2 Johnsson
13 McCarthy
*See Schwanecke(1975) or Kerwin and Lee(1978) for original
reference of each theory.
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Schwanecke(1975). To facilitate identification of the
various methods, Table 7.4.2 has been prepared to cross-
reference the identifying numbers on the graph to the refer-
ence listed in this paper.
The results of the present theory with (9 x 20) blade
elements and 6 degree angular spacing have been added to the
graph by striped bars, and it is evident that these results
fall in the middle of the range of exact theories for all four
harmonics.
Figure 7.4.2 shows the radial distribution of blade nor-
mal force obtained from the five exact theories compiled in
Schwanwcke(1975). He found it necessary to plot the results
of the approximate theories on a separate graph due to the
wide variations present. The results obtained with the
present theory with (18 x 10) elements have been added to this
graph and can again be seen to fall within the range of the
other exact theories.
7.5 DTNSRDC Propeller 4118
An extensive correlation between theory and experiment
was conducted by Boswell and Miller(1968), in which blade
frequency unsteady forces were measured benind screen
generated wakes and compared with the theory of Tsakonas(1976).
The base propeller of this series, No.4118, has been discussed
previously in connection with the prediction of open-water
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thrust and torque characteristics. The harmonic coeffi-
cients of the screen generated wake fields, as determined by
DTNSRDC, are reproduced in Appendix E.
Calculations were performed for both the three and four
cycle wake fields as well as for an artifical wake field
consisting of the superposition of the two. The harmonic
components of blade force derived from the latter computation
were practically identical to those derived from the component
wake fields. This, of course, would be expected from a
linear theory, and indicates that the non-linear effects
retained in the present program are unimportant as far as
unsteady loading is concerned. A typical plot of the time-
step solution for the combined wake is shown in Fig. 7.5.1.
The correlation between the present theory, the
Tsakonas theory and the DTNSRDC experiment is given in Table
7.5.1. While some differences are evident, the three way
correlation would seem to be more than adequate in this case.
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Table 7.5.1 Unsteady forces of DTNSRDC Propeller 4118
behind screen generated wake
a) Shaft forces induced by 3-cycle wake screen
b) Bearing forces induced by 4-cycle wake screen
*Wake input for the present program includes the second and
fourth harmonics of the 4-cycle screen wake data(Boswell
and Miller, 1968)
.~~~~~~~~~~~~~~~~~
Tsakonas, et a Experiment Present Theory
(1976) (Boswell,1968)
k-~3 0.0692 0.0656 0.0588
KQ,3 0.0115 0.0100 0.0096
m ~~~ ~~~ ~ ~ ~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
Tsakonas, et al Experiment Present Theory
(1976) (Boswell,1968)
AT 0.0148 0.0130 0.0157
H,3
KQ 0.0108 0.0114 0.0111
H,3
KT 0.0150 0.0131 0.0178
% V,3
K 0.0108 0.0109 0.0113
Qv,3 ..
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VIII. CAVITY PREDICTION FOR MARINE PROPELLERS
PART A. STEADY CAVITATING PROPELLERS
8.1. Comparison with Experiment, DTNSRDC Propeller 4381
in Uniform Flow
A sample calculation with DTNSRDC Propeller 4381 is made
to check the cavity extent in uniform flow. In order to
simulate the steady cavity flow, the variation in the hydro-
static pressure is suppressed and the cavity patterns of all
of the blades are assumed identical.
The arrangement of vortices and control points for the
tangency boundary condition for this propeller appear in
Fig. 3.2.2. for the key blade, and those for all of the five
blades are shown in Fig. 8.1.1. This propeller shows the
symmetrical blade outline, without any skew or warp, and the
design advance coefficient, JA' is 0.889.
Sample condition is chosen as an= 1.92 at JA= 0.7 to
produce a reasonable amount of partial cavitation. Figure
8.1.2 shows the theoretical prediction of cavity extent and
cavity thickness distribution. Fig. 8.1.3 shows the cavity
extent observed at the M.I.T.Variable Pressure Water Tunnel,
together with the predicted cavity extent transplanted from
Fig. 8.1.2. During the experiment, the strobolight was set
to trigger once-per-revolution, so that the cavity extent of
each blade could be observed. Each blade was observed in
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Fig. 8.1.1 Arrangement of discrete vortex elements
and tangency control points for
DTNSRDC Propeller 4381
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Fig. 8.1.3 Comparison of cavity extent between prediction
and observations for DTNSRDC Propeller 4381
at A = 0.7 with an = 1.92JA~~~~
-- : Present Theory
: Boswell's observation (1971)
0 : Blade No. I
X : 2 M.I.T. Water Tunnel
· t . 3 Observationa :4
0 5
- 127 -
the 12 o'clock (top center) position to eliminate blade to
blade variation in hydrostatic pressure and inflow velocity.
It should be noted that the extent of the observed cavity
varies from blade to blade to a considerable degree. This
scatter is thought to be caused either by the manufacturing
irregularities or by slight damage to the leading edge of each
blade. To show the effect of hydrostatic pressure, the cavity
extent of the number 2 blade at the six o'clock position is
added. The light solid line is taken from the experiment of
Boswell(1971) at DTNSRDC. The agreement between the experiment
and the theory is good compared with the blade to blade varia-
tion in the extent of the measured cavity. It is not easy
to obtain the thickness of the cavity from observation without
using sophisticated methods such as the stereo-photographic
measurement. Although there is no direct measurement of
cavity thickness, the predicted thickness is considered reason-
able. The force calculation obtained by integration of the
pressure distribution reveals 2.5% thrust increase over the
one obtained for the fully-wetted case, which might be an
additional camber effect due to the cavity.
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PART B. UNSTEADY CAVITATING PROPELLERS
8.2. Comparison with Experiment, DTNSRDC Propeller 4381
behind Screen Generated Wake
The first unsteady cavity computation is performed simu-
lating DTNSRDC Propeller 4381 in a screen generated wake simu-
lating a high speed single screw commercial vessel. The
velocity field, measured by the laser doppler velocimeter at
the M.I.T. Water Tunnel, is shown in Fig. 8.2.1, and the har-
monic contents of the wake are given in Appendix E. The wake
field is nearly symmetric about the centerplane of the ship,
with a sharp peak located near top center. A sequence of
photographs showing the model propeller operating in the screen
generated wake taken at uniform four degree intervals is re-
ported by Kerwin, et al(1978), and is reproduced in Fig. 8.2.2
for the purpose of direct comparison. The cavitation number,
an, was selected as 3.53, and the propeller Froude number,
2
Fr=n D/g, as 10.45.
The cavity extent and thickness distribution computed with
the discrete time steps of six degree interval are presented
in Figs. 8.2.3 through 8.2.5. Excellent agreement was obtain-
ed between the experiment and theory. The fact that the
theory works so well for this high speed model propeller indi-
cates that the same degree of accuracy might be obtained for
the full-scale propeller, if scaling effects are carefully
considered.
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(Looking Upstream)
Fig. 8.2.1 Velocity field measured behind screen
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Figure 8.2.6 shows the time history of the cavity volume
variation and the cavity length at a particular radius, r/R=0.85.
To show the convergence rate, computed results for the first
three revolutions of the cavitating propeller are plotted in
a single figure. Note that the results of the first cavity
revolution are very close to the final converged values.
This is because we start solving the cavity problem after
achieving the converged solution to the non-cavitating flow
problem, and also because, in this particular case, only one
blade is cavitating at a time, hence there is no interaction
between cavities on different blades.
Figure 8.2.6 also shows that the cavity volume is a maxi-
mum where the cavity center (not the blade center) passes
through the maximum wake. Also the cavity volume is symmetric
in time while the cavity length versus volume is only slightly
greater for the collapsing cavity than for the growing cavity.
For the partially cavitating propeller, the cavity is fattened
rearwards slightly as the blade rotates. Also, the cavity
falls off relatively smoothly, showing that the cavity collapses
toward the leading edge. Substantially different behavior
will be observed for the low speed fully cavitating propeller
in the next section.
By integrating the pressure distributions on the blade
surface at each time step, the total forces and moments can
be obtained, and the thrust components with and without
cavitation are plotted in Fig. 8.2.7 versus the angular
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position of the key blade. It is clear from this figure that
the thrust variation is insensitive to the presence of the
cavity. Harmonic analysis of this force component reveals
that the mean thrust of the cavitating propeller increases
by 2.6% above the non-cavitating mean value.
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8.3. Comparison with Full-scale Observation, M/S Berge Vanga
Propeller
The ultimate goal of any theoretical or experimental study
is to design a full-scale propeller to meet performance speci-
fications. It is, therefore, essential to compare the theoret-
ical predictions with full-scale observations in order to truly
verify the theory. Full-scale experiments are very difficult
and expensive and hence are rarely made. It is fortunate,
however, that a report by Holden and fsti (1975) containing
stereo-photographic observation of the propeller of the M/S
Berge Vanga was made available for comparison with the present
work. The principal particulars of the Oil/Ore carrier and
her propellers are given in Appendix E , with the wake data
measured behind the model ship.
Figure 8.3.1 shows the discrete vortex arrangement with
the control points for the tangency boundary condition for all
of the blades of the M/S Berge Vanga Propeller. The blade is
skewed back 15 degrees with a pitch ratio, P/D 0.7 at a
fractional radius, r/R = 0.8 . Figure 8.3.2 is reproduced
from Holden, et al(1974), and shows the typical wake velocity
field of a twin screw ship. Unlike the wake of a high speed
single screw vessel with a fine afterbody, the velocity field
of the model oil/ore carrier has a very wide wake extending
from the hull to the shaft. The calculated mean Taylor wake
fraction, wT, is 0.418. The volumetric advance coefficient,
- 13 -
Fig. 8.3.1 Arrangement of discrete vortex elements
and tangency control points for the
M/S Berge Vanga Propeller
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JA' is therefore 0.39. The cavitation number, an was obtained
as 2.02 based on the estimated shaft submergence, H = 15.3m,
and the propeller Froude number, Fr = n2D/g , is 2.28.
Before proceeding with comparison with full scale data,
there are a number of observations to be made about the general
behavior of the results. The computed cavity extent and thick-
ness distribution at six degree intervals are given in
Fig. 8.3.3. through 8.3.5. These figures demonstrate that
supercavitating flow can be predicted by the present scheme.
It is noticeable that the blades are cavitating mostly near
the tip region, whereas for the DTNSRDC Propeller 4381 the
cavity extends from the hub to the tip more or less uniformly.
Figure 8.3.3 is typical of low speed merchant vessels and
tankers.
Another interesting feature may be observed when the
cavity is about to collapse. From the first two plots in
Fig. 8.3.4, it may be seen that as the blade approaches 90
degrees after top dead center, the cavity has maximum thickness
near the trailing edge and almost zero thickness near the lead-
ing edge. Since the present mathematical cavity model assumes
that the cavity always begins at the leading edge, the thin
cavity at the leading edge may be interpreted as a cavity
"pull-back" phenomenon, which is observed in experiments where
the cavity extends nearly to or beyond the trailing edge of the
blade.
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A typical cavity length at r/R = 0.84 and the cavity
volume variations with respect to time are given in Fig. 8.3.6,
from which a couple of important phenomena can be observed.
The first is the convergence behavior. The computer
program was run for five propeller revolutions after achieving
the converged fully-wetted solution. It can be clearly seen
that the cavities on the other blades have a significant
blockage effect on the cavity volume variation on the key blade.
This effect, which was not noticed for the case of DTNSRDC
Propeller 4381, slows the convergence rate, inducing an oscil-
latory response for each propeller revolution. Hence more
propeller rotations are required to achieve convergence.
The second phenomenon is the cavity "pull-back " which
is already noted from Fig. 8.3.4. From Fig. 8.3.6, one can
easily see that the cavity length continues to increase, even
after the volume reaches its maximum near 70° after top center.
The cavity length variation with time shows a sudden collapse
of the cavity, whereas the cavity length on the DTNSRDC Propel-
ler 4381 fell off smoothly. The abrupt collapse of cavity
length in conjunction with the cavity shape shown in Fig.8.3.4
indicates that instead of collapsing toward the leading edge,
the cavity collapses in the pulled back position.
The thrust acting on the key blade versus time is shown
in Fig. 8.3.7. It can be seen that there is a general trend
of increase of thrust, resulting in 19% increase in the steady
thrust over the non-cavitating mean value. The figure also
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shows a curious kink at 90 degrees, which is related to the
sudden disappearance of the cavity at that moment. Although
this effect may be exaggerated by the coarse time step and the
assumption that the cavity starts at the leading edge, it
arises from the unsteady pressure term, -paM/9t, due to the
collapsing cavity source.
Let us now return to the comparison of the predictions
with the full-scale observations made aboard M/S Berge Vanga.
First of all, the predicted cavity thickness is reasonably
close to,but slightly larger than, that of the full-scale
experiments; the maximum predicted thickness is 24 cm when the
key blade is at 72 degrees past the top center, whereas the
maximum thickness obtained by stereo-photographic observation
by Holden and fsti(1975) ranges from 10 to 20 cm. However,
the cavity extent predicted by the present theory is much larger
than that obtained aboard M/S Berge Vanga. Thus, the theore-
tical prediction of the maximum cavity volume, 180 liters, is
9 times larger than the one reported by Holden and fsti(1975).
Recalling the good correlation with model data in the case
of DTNSRDC Propeller 4381, similar agreement had been expected
for this propeller, too. But it turns out that the correlation
between the prediction and full-scale observation is rather
unsatisfactory. The poor results are considered to be caused
mostly by bad wake input to the computer program. The wake
measurement was made on a 1/39.5 scale model at a towing tank
- 149 -
following conventional practice, and hence a correction should
have been made to account for the effect of different Reynolds
number when extrapolating from the model wake to the full scale
wake.
Without resorting to the complex ship boundary layer
theory, an estimate is made of the order of magnitude difference
of the boundary layer thickness between the model and ship.
Assuming 1/7-th power velocity distribution, the boundary layer
thickness, 6, is inversely proportional to the /5-th power
of Reynolds number; see Schlichting(1968), i.e.,
Rt/5 '(8.3.1)
e
where L is the length of the ship, and Re the Reynolds number.
If we assume Froude scaling for the model test, we find that
R L5 (8.3.2)
e
Substituting Eq. (8.3.2) into Eq. (8.3.1), we obtain
L~ = (8.3.3)
~s)
where the subscripts m and s denote the model and ship, respec-
tively.
The ratio (8.3.3) is 3 for the model scale ratio, L /L =39.5.
s m
If this ratio is introduced to Fig. 8.3.2, the high wake region
will be moved toward the ship hull surface, and hence the cor-
- 150 -
relation between the experiments and the prediction with a
modified wake be improved.
Ship boundary layer theory is certainly an important field
in hydrodynamics, which needs to be explored. Should a method
to overcome the Reynolds number scaling effect in a rational
way be developed, the theoretical full scale prediction might
be possible for the practical design purpose in the near future.
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IX. CONCLUSIONS
A numerical lifting-surface procedure is developed for the
prediction of steady and unsteady performance of the subcavitat-
ing propellers and for the prediction of the transient cavity
extent and volume variations with time of the cavitating prop-
pellers.
The theory for the subcavitating propeller is tested with
a wide variety of propellers and compared with the published
theoretical and experimental data, leading to the conclusion
that the theory may be considered of sufficient practical value
for the design purpose.
The theory for the unsteady cavitating propeller is the
only exact theory proposed for the prediction of cavity behavior
in a rational way, where the unsteady pressure term, - p /Dt,
in the Bernoulli's equation is treated without simplification
in the discretized time domain, and the cavity extent is deter-
mined by an iteration procedure in a three dimensional manner.
The comparison of the cavity extent between the experimen-
tal observation and the theoretical prediction for a model prop-
peller both in the uniform flow and in the screen generated non-
uniform flow is considered satisfactory. But the prediction of
the cavity extent for a full-scale propeller is not satisfactory,
indicating that the extrapolation from the wake measured behind
the model ship to the full-scale wake is important for the
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prediction of the cavity.
The future works for the cavitating propeller theory are
suggested to include the following:
a) A systematic test to establish the convergence of the
numerical lifting-surface procedure with the various
number of cavity source elements is necessary. This
will be most time-consuming among others that follow,
but should be done in the near future.
b) The blade to blade interaction of the cavity sources
is found to be very significant. This should be in-
vestigated for better design practice, while an alter-
native procedure to speed up the convergence in the
time domain iteration should be developed.
c) Experimental verification of the volume velocity should
be made in the water tunnel at least with the model
propeller, for which good correlation was obtained
between the prediction and the photographic observation.
d) An estimation of the boundary layer thickness indicates
that ship boundary layer theory should be applied to
extrapolate the wake measured behind the model ship to
the full-scale wake. Although this theory is not yet
well established, especially in the propeller plane
where the flow is separated, a most promising theory
in this field may be employed to demonstrate the
applicability of the present cavitating propeller theory
to the full-scale propeller design.
- 153 -
e) A mathematical or experimental formula for the sectional
viscous drag computation should be developed to quantify
the computed total thrust and torque values for the
cavitating propeller case.
f) Non-linear tip vortex should be investigated and in-
cluded in the present program, especially for the low
pitch propeller, whose cavity extent is largely con-
centrated on blade tip region.
g) Although it was shown that the cavity "pull back"
phenomenon can be predicted by the present scheme under
the assumption that the cavity starts at the leading
edge all the time, it may be worth to relax the present
restriction so that the cavity can start at an arbitrary
position away from the leading edge to smooth out the
exaggerated kink in the thrust versus time curve.
h) For a propeller suffering face cavitation at a design
when operating in the highly non-uniform wake, the pro-
gram may be generalized so that it could handle the
face cavitation.
i) A criterion for the cavity inception may be used so that
the prediction for the short cavity be improved, espe-
cially for the thick section near the hub.
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Appendix A. Idealization of Ship Wake Field
Due to presence of the boundary layer around the ship,
the ship wake is characterized rotational, especially in a
propeller plane where the propeller is situated. The rotation
of the flow is an obvious obstruction to the solution procedure
of the unsteady problem, since it prevents further simplifica-
tion of the equation of motion. It is, therefore, desired to
make idealizations that will facilitate the solution procedure.
It will be most convenient if we can make potential flow
assumption so that the existence of velocity potential is
warranted. The aim of this section is to show or, in fact, to
deduce the assumptions necessary for the ideal flow approxima-
tion to the ship wake.
We begin with Euler's equation of motion for an ideal
fluid of constant density pt ~ - r (-V_ = _-V- (A.1)
where p is the pressure, U the total fluid velocity, and f the
body force acting on the fluid of unit mass.
Recalling the vector identity,
V U = (U+ U (-VX U) (A.2)
and substituting in Eq. (A.1), we have
+VVx U)2 .+V- -u x - (A.3)Z~ _ vx ) -
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The term containing V x U, the vorticity in the fluid, will
be retained, for it is our purpose to investigate the vorticity
effect of the ship wake upon the equation of motion.
We assume that the gravitational force is the only body
force acting on the fluid, i.e.,
f= -Vgyo , (A.4)
where y0 is the vertical coordinate fixed on ship, measured
positive upward from the center of the propeller shaft. Thus
we obtain Euler's equation of motion in an alternative form2.( F + + ) = - (.+ U X A.5)
In the non-uniform fluid region, we assume that the total
velocity can be decomposed into two parts, following von Karman
and Burgers(1935),
U = V + W , (A.6)
where V is the irrotational perturbation velocity due to
the presence of propeller which can be expressed as a spatial
derivative of the velocity potential, V=VP, and W represents
the rotational ship wake. We will confine our analysis in the
fluid region outside the propeller blade boundary layer and
shed wake, and hence non-uniform ship wake will be the only
source of rotation. We will also assume that the ship wake
is not changing in time. Using Eq. (A.6), the term containing
vorticity can be written as
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U (V x U) = V x (V x W) + W x (V x W) (A.7)
The first term represents the interaction between the perturba-
tion velocity due to the propeller and the vorticities due to
ship boundary layer. Under the smallness assumptions made in
Section 2.1, we ignore this interaction term, since it is of
higher order, and retain the second term only, which is of
first order.
Hence the equation of motion is transformed into
( X +-- + 4 + W x VX w (A.8)
We will assume the inflow velocity in the form
W =erWr e W + e W , (A.9)
~~-x
then after some manipulation, we find
4W- _ -
W X(v )= rWXK r )
t@- / W - ) (A.10)
For a simple case, we consider the axisymmetric ship wake
WX = VA(r) , W = W = 0 (A. 1 )
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and then Eq. (A.10) will become
-2
W x (V x W) = e '( 2 (A.12)
Substituting Eq. (A.12) into Eq. (A.8), and performing integra-
tion, we obtain
C t t + BY -Ct L(A.13)
where p is the pressure at the depth of shaft center at upstream
infinity.
The significance of Eq. (A.13) is that the use of velocity
potential is justified for the axisymmetric ship wake with the
radially-varying Bernoulli constant.
It should be noted that the wake (A.ll) does not have de-
pendence on longitudinal and circumferential coordinates.
Most ship wake data are provided in a single axial position
called the propeller plane under the assumption that the varia-
tion in the longitudinal direction is negligible. But the
velocity fluctuation along circumferential direction can not
be neglected, for it is the major contribution to the unsteadi-
ness of the flow. As can be noted from Eq. (A.10), inclusion
of circumferential variation will result in a complicated form
of the equation of motion. It is, thus, essential to assume
that the amplitude of fluctuating component of the inflow veloc--
ity be small enough to validate Eq. (A.13) but large enough to
excite the unsteady motion of the fluid.
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Appendix B. Surface Coordinate System(~, n, )
Let us define a system of curvilinear coordinates (,n,C)
which is useful in dealing with quantities on or near the
camber surface. We define that the coordinate be the inter-
section of the camber surface and a cylindrical surface concen-
tric with the x axis, and positive when pointing downstream.
The coordinate is defined to be normal to the camber surface,
and positive when pointing upstream. The n coordinate is de-
fined on the camber surface to complete the orthogonality of the
coordinate system, therefore it is positive when pointing to-
wards the tip of the blade of a right handed propeller.
Since the singularities will be distributed on the camber
surface, C = 0, this coordinate system is particularly conven-
ient to represent the local singularity effects; the tangential
velocity jump due to vorticity is on the -n plane, and the
normal velocity jump due to the source is in the direction.
For the purpose of numerical differentiation on the
camber surface, it is convenient to define a non-orthogonal
coordinate system (,,); the and C coordinates are iden-
tical with the and C coordinates, respectively, and the n
coordinate is defined on the camber surface to pass through the
points of the same percentage of chord length at each radius.
The tilted angle of the n coordinate relative to the n coordi-
nate is defined positive when the coordinate points further
downstream than the n coordinate, as shown in Fig. B.1.
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y
x
'
z
Fig. B.1 Surface coordinate systems
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A relation will be derived to convert the derivatives
between the two coordinate systems defined above. By con-
sidering the geometry, we may write the relation between two
coordinate systems
= - n tans , = n secs
We may also write down the derivatives directly from above
az/ = ,
.an/a = 0 ,
a/an = - tans
an/an = secE
A direct application of chain rule will give the conversion
relations between the derivatives
a =aZ a a a = a
a a\. an at
a = a + a a = - tanc + seca .a
an an at an an atan-~~~n z
(B.3)
By applying Eq. (B.3), we derive an expression
V- = ula/a + 2 a/an + U3 a/aC
(B.4)
= (U1 - U2tans)9/a + U2secs a/an + 3 a/ac ,
where V = (U1,U2,U3).
(Rbl)
(B.2)
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Appendix C. Solution of a Simultaneous Equation by
Partitioning Method
Let us consider a simultaneous equation of the form
A x = b (C.1)
The coefficient matrix A is partitioned into four submatrices
such that the matrices on the diagonal are square. The right
hand side and unknown vectors will be partitioned in the same
manner, and then Eq. (C.l) may be rewritten in a partitioned
form
A A ~xb
-11 12 -1 -
(C.2)
lA21 22 -2
Performing the multiplication gives the equalities
Ax1 A12 2 =b (C.3a)
A21Xl + A22x2 = b2 (C.3b)
Let us assume that the submatrix All is invariant in
-1 s
time, and that the inverse matrix of it, A 1 exists. Then
Eq. (C.3a) is solved for x1
x1 = All (b A2x2) (C.4)
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Substituting Eq. (C.4) into Eq. (C.3b) and rearranging, one
obtains
-(A22 -21-11 A12) X2 = b2 ' A21All lbl (C.5)
This equation can be solved for x2 by a standard technique for
the solution of simultaneous equations. The solution 2 can
be explicitly written as
2 (A22 - 21All A12) -(b2 - 21All -l )
(C.6)
A complete solution is then obtained by substituting 2 into
Eq. (C.4) to get x1.
One way to measure the efficiency of the partitioning
method is to count the number of operations necessary and to
compare with that necessary to solve the full matrix directly.
For the purpose of comparison, it is appropriate to count the
number of multiplications (N.O.M.) only, since other operations
such as addition take less time or may be approximated reason-
ably by multiplying a constant factor to the N.O.M. required,
which is presumably common to both solution procedures.
From linear algebra, it is known that the direct solution
by Gauss reduction method requires
(N.O.M.) = 1(n+m) 3 + (n+m)2 (n+m) (C.7)
3 nm, 3 
(C.7)
where n and m are the order of the matrices A11 and A22
respectively. After some algebraic work, one can find that
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the number of multiplications required for the partitioning
method is
(N.O.M.) = (m+l)n2 + (m2+2m)n + m3/3 + m2 - m/3 (C.8)
It should be remembered that this partitioning method is
useful only when a submatrix, A11 in the present example, is
invariant in time and when the inverse matrix of this matrix
exists. This method becomes more efficient when the ratio
n/m becomes large. Typical example for the partially cavitat-
ing case with n=10 and m=5 shows that the partitioning method
reduces 25% of the computation time compared with the direct
solution method.
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Appendix D. Velocity Potential due to Discrete Source Element
The velocity potential at a field point P(x,y,z) due to a
straight line source element of unit strength per unit length
is obtained by integration of the source potential along the
element extending from P1(Xl'Yl'Zl) to P2(x2'y2,z2). Since
the field point and the line source element forms a plane,
the -n plane in Fig. D.1, the integration can be evaluated
easily in terms of the local variables and as
F Dg (D.1)
where D = /d + ( - i') with d defined as the shortest
distance between the field point P and the source line or its
extension.
Substitution of the expression for D into Eq. (D.1) will
result in ( |
)g~~~~ ~(D.2)
+T L -etc
where a = / (x 2-1 ) + (y2-y)2 + (-z)
b = / (x2-x )2 + ( 2_y)2 + (z2-z )
c = / (xl-x)2 + (yy)2 + (Zl-z )2
2 2
d = / c2 -e 2
(a2+c2_b 2 )e 2a
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I' -
1 E(Xe,Ye )'e)PtI " V I
Fig. D.1 Coordinate systems for discrete source element
and field point
77
C
f7
P,^PI ,_.--%-6---~ / P24//Pi .... P e d 
Fig. D.2 Special cases for the relative position of
field point and discrete source element
·
!
I % . It Y 11, --- -Ie -L b.
I- I- -e a
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Equation (D.2) is not suitable for numerical computation
when d vanishes or is small, i.e., when the field point P is
on or near the extension of source line segment, since the
argument of logarithm becomes indefinite. This problem can
be easily resolved by setting d = 0 in Eq. (D.2a), i.e.,
4 - -- X- e (D.3)
We will consider the following two limiting cases separately;
i) When e < 0 and - 0, as in Fig. D.2a,
0 = l j W r log e)(D.4)
ii) When e > 0 and -- 0, as in Fig. D.2b, similarly
= 4 ~ (I, (D.5)
:T e
For the derivation of the velocity field induced by a
three-dimensional vortex and source element, see Kerwin and
Lee(1978).
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Appendix E Tabulation of Propeller and Wake Data
1. DTNSRDC Propeller 4118
2. ITTC Comparative Test Propeller B4.475
3. DTNSRDC Propeller 4381
4. DTNSRDC Propeller 4382
5. Berge Vanga Propeller
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1. DTNSRDC Propeller 4118(Boswell and Miller, 1968)
a) Propeller characteristics
Number of blades, K: 3
Hub-diameter ratio : 0.2
Expanded area ratio : 0.6
Section meanline : NACA a
Section thickness distribution:
Design advance coefficient, JA:
=0.8
NACA 66(modified)
0.833
xm/D
m to/D
0. 0.0414
0. 0.0337
0. 0.0282
0. 0.0239
0. 0.0198
0. 0.0160
0. 0.0125
0. 0.0091
0. 0.0060
0. 0.0045
0. 0.
*Input data used
J A
0.4
0.6
0.733
0.833
0.933
1.1
for wake geometry
rw/R
0.793
0.83
0.83
0.83
0.83
0.83
ew
90.0
90.0
90.0
90.0
90.0
90.0
r/R
0.2
0.25
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0.95
1.0
c/D
0.320
0.342
0.364
0.405
0.439
0.463
0.462
0.435
0.361
0.278
0.
P/D
1.086
1.085
1.084
1.082
1.080
1.078
1.077
1.075
1.073
1.072
1.071
em(deg)
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
fo/C
0.0219
0.0227
0.0232
0.0233
0.0218
0.0205
0.0200
0.0197
0.0182
0.0189
BT
14.28
15.68
17.09
18.14
19.17
22.80
fw
17.45
17.81
19.26
20.34
21.40
23.15
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b) Harmonic content of axial component of wake
r/R 0.25 0.35 0.45
A B A B A B
n n n n n n
0 1.0000 1.0000 1.0000
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0047 0.0286 0.0084 0.0340 -0.0014 0.0260
3 0.0488 -0.1387 0.0529 -0.2032 0.0386 -0.2186
4 0.0023 -0.0950 0.0067 -0.1539 0.0126 -0.1796
r/R 0.55 0.65 0.75
n A B A B A B
n n n n n n
0 1.0000 1.0000 1.0000
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 -0.0217 0.0103 -0.0299 0.0024 -0.0226 0.0040
3 0.0169 -0.2103 0.0025 -0.2070 0.0015 -0.2200
4 0.0169 -0.1852 0.0139 -0.1945 0.0048 -0.2110
/R 0.85 0.95
n\ A B A B
n n n n
0 1.0000 1.0000
1 0.0000 0.0000 0.0000 0.0000
2 -0.0064 0.0089 0.0021 0.0077
3 0.0081 -0.2439 0.0092 -0.2518
4 -0.0031 -0.2230 -0.0128 -0.2356
*Wake velocity is represented as
OO
V = A0 + Y [ An cos n o+
n=l
a Fourier series
Bn sin n 
where eo is zero vertically upward and positive clockwise
V is given in units of ship speed.when looking downstream.
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2. ITTC Comparative Test Propeller B4.475(Schwanecke, 1975)
a) Propeller characteristics
Number of blades K: 4
Hub-diameter ratio : 0.2
Expanded area ratio : 0.475
Design advance coefficient, JA: 0.65
r/R
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0.95
1.0
c/D
0.197
0.223
0.243
0.256
0.260
0.255
0.234
0.188
0.139
0.
**
P/D
0.862
0.928
0.998
1.042
1.051
1.031
1.019
1.007
1.007
0.914
em(deg) xm/D
-13.230
- 9.655
- 7.043
- 5.037
- 3.027
- 1.003
1.237
3.563
4.610
5.567
0.0344
0.0393
0.0438
0.0475
0.0456
0.0430
0.0439
0.0473
0.0499
0.0525
to/D
0.0366
0.0324
0.0282
0.0240
0.0198
0.0157
0.0113
0.0072
0.0051
0.0030
fo/cf0C
0.0249
0.0243
0.0247
0.0259
0.0267
0.0252
0.0245
0.0192
0.0181
*Input data used for wake geometry
rA/R
0.65 0.83
e
90.0
90. 0
nw
14.4 16.4
**Pitch correction is made to reduce the section lift by 15%.
***For section mean and thickness form variables over radius,
see Schwanecke(1975).
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b) Harmonic content of wake
(i) Axial component
/R 0.3 0.4 0.5
An Bn An n An Bn
0 0.4349 0.5514 0.6652
1 -0.1938 -0.0239 -0.2161 -0.0307 -0.2411 -0.0318
2 -0.0082 0.0010 -0.0499 0.0005 -0.0880 0.0030
3 0.0218 0.0120 0.0092 0.0081 -0.0029 0.0039
4 0.0300 -0.0086 0.0299 -0.0062 0.0138 -0.0004
5 -0.0350 0.0071 -0.0296 0.0064 -0.0266 0.0004
6 0.0030 -0.0037 0.0014 0.0007 -0.0043 0.0003
7 -0.0086 0.0080 -0.0118 0.0035 -0.0079 0.0012
8 -0.0046 -0.0013 -0.0042 0.0024 -0.0114 -0.0018
r/R 0.6 0.7 0.8
i ~ A B A B A B\~ An n n n n n
0 0.7546 0.7911 0.8090
1 -0.2390 -0.0134 -0.2124 -0.0112 -0.1961 -0.0172
2 -0.1110 -0.0015 -0.1171 0.0031 -0.1090 0.0048
3 -0.0249 0.0043 -0.0486 0.0034 -0.0545 0.0032
4 -0.0069 0.0026 -0.0179 0.0010 -0.0248 0.0003
5 -0.0130 0.0003 -0.0120 0.0001 -0.0143 -0.0015
6 -0.0133 -0.0001 -0.0109 -0.0009 -0.0147 -0.0017
7 -0.0144 0.0009 -0.0116 0.0010 -0.0114 -0.0007
8 -0.0085 -0.0042 -0.0101 0.0004 -0.0132 -0.0013
r/R 0.9 1.0
fl A B A B
n n n n
0 0.8183 0.8224
1 -0.1832 -0.0065 -0.1827 -0.0161
2 -0.1058 0.0046 -0.1064 0.0053
3 -0.0575 0.0045 -0.0578 -0.0006
4 -0.0247 -0.0014 -0.0275 -0.0011
5 -0.0186 0.0005 -0.0187 -0.0009
6 -0.0167 0.0003 -0.0168 -0.0001
7 -0.0116 0.0002 -0.0140 -0.0002
8 -0.0119 -0.0013 -0.0127 -0.0030
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(ii) Tangential component
/R 0.6 0.7 0.8
n A Bn A B A B
n n n n n n
0 0.0038 0.0022 0.0025
1 -0.0102 -0.1210 -0.0117 -0.1263 -0.0110 -0.1246
2 0.0036 -0.0161 0.0034 -0.0329 0.0036 -0.0393
3 0.0018 0.0047 0.0023 -0.0046 0.0025 -0.0092
4 0.0009 0.0030 0.0025 0.0006 0.0024 -0.0009
5 0.0004 0.0003 0.0011 -0.0012 0.0014 -0.0008
6 0.0007 -0.0017 0.0009 -0.0020 0.0002 -0.0016
7 -0.0004 0.0000 0.0008 -0.0000 0.0009 -0.0020
8 -0.0009 -0.0015 0.0002 -0.0029 -0.0002 -0.0012
r/R 0.9 1.0
\ An Bn An Bn
0 0.0004 0.0016
1 -0.0133 -0.1244 -0.0110 -0.1180
2 0.0012 -0.0449 0.0037 -0.0464
3 0.0023 -0.0141 0.0020 -0.0162
4 0.0022 -0.0052 0.0018 -0.0059
5 0.0000 -0.0034 0.0005 -0.0042
6 0.0005 -0.0031 0.0003 -0.0041
7 0.0001 -0.0033 0.0002 -0.0026
8 -0.0001 -0.0016 0.0004 -0.0015
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3. DTNSRDC Propeller 4381(Boswell, 1971)
a) Propeller characteristics
Number of blades, K: 5
Hub-diameter ratio : 0.2
Expanded area ratio : 0.725
Section meanline : NACA a=0.8
Section thickness distribution: NACA 66(modified)
Design advance coefficient, JA: 0.889
r/R
0.2
0.25
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0.95
1.0
c/D
0.174
0.202
0.229
0.275
0.312
0.337
0.347
0.334
0.280
0.210
0.
P/D
1.332
1.338
1.345
1.358
1.336
1.280
1.210
1.137
1.066
1.031
0.995
em (deg) xm/D
0.
0.
0.
0.
O.
O.
O.
O.
O.
O.
O.
0.
O.
O.
O.
O.
O.
O.
O.
O.
O.
O.
t0 /D
0.0434
0.0396
0.0358
0.0294
0.0240
0.0191
0.0146
0.0105
0.0067
0.0048
0.0029
fo/cf0/
0.0351
0.0369
0.0368
0.0348
0.0307
0.0245
0.0191
0.0148
0.0123
0.0129
*Input data used for wake geometry
A rw/R ew
0.373
0.6
0.789
0.889
0.989
0.783
0.83
0.83
0.83
0.83
90.0
90.0
90.0
90.0
90.0
13.90
15.90
17.20
17.90
18.70
19.10
17.80
19.10
20.30
21.80
- 179 -
4. DTNSRDC Propeller 4382(Boswell, 1971)
a) Propeller characteristics
Number of blades, K: 5
Hub-diameter ratio : 0.2
Expanded area ratio : 0.725
Section meanline : NACA a=0.8
Section thickness distribution: NACA 66(modified)
Design advance coefficient, JA: 0.889
r/R
0.2
0.25
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0.95
1.0
c/D
0.174
0.202
0.229
0.275
0.312
0.337
0.347
0.334
0.280
0.210
0.
P/D
1.455
1.444
1.433
1.412
1.361
1.285
1.200
1.112
1.027
0.985
0.942
em(deg) xm/D
0.
2.328
4.655
9.363
13.948
18.378
22.747
27.145
31.575
33.788
36.00
0.
0.0093
0.0185
0.0367
0.0527
0.0656
0.0758
0.0838
0. 0901
0.0924
0.0942
to/D
0.0434
0.0396
0.0358
0.0294
0.0240
0.0191
0.0146
0.0105
0.0067
0.0048
0.0029
fo/c
0.0430
0.0395
0.0370
0.0344
0.0305
0.0247
0.0199
0.0161
0.0134
0.0140
*The same wake geometry input is assumed as that given with
propeller characteristics of DTNSRDC Propeller 4381.
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5. Berge Vanga ropeller(provided by Det norske Veritas)
a) Propeller characteristics
Diameter
Number of blades,
Hub-diameter ratio
Expanded area ratio
: 6.65 m
K: 5
: 0.155
0.613
Design advance coefficient, JA:
P/D em (deg) xm/D
0.2493 0.195
0.3119 0.215
0.3744 0.233
0.4995 0.260
0.6247 0.271
0.7498 0.262
0.8749 0.222
0.9374 0.179
1.0 0.
0.624
0.636
0.647
0.669
0.687
0.700
0.706
0.708
0.709
2.54
5.38
8.29
11.62
13.88
15.38
16.38
16.80
17.22
0.0044
0.0095
0.0149
0.0216
0.0265
0.0299
0.0321
0.0330
0.0339
0.0390 0.0615
0.0349 0.0490
0.0311 0.0396
0.0239 0.0283
0.0176 0.0219
0.0119 0.0170
0.0068 0.0115
0.0044 0.0076
0. 
*Input data used for wake geometry
rw/R
0.39 0.83
8
w
90.0 10.70 12.70
**The NACA 66(modified) thickness form is assumed.
***Camber distribution is given in the next page.
**
** Ship speed, V = 15.8 KTS; RPM = 110; Shaft submergence,
s
H = 15.3 m.
Hence an = gH/1pn D = 2.02, F = n D/g = 2.28.
r
r/R c/D
0.39
to/D fo/c
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b) Harmonic content of axial wake
/R 0.3 0.5 0.7
\ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~....,
A B A B A B
n n n n n 
0 0.4625 0.5569 0.5970
1 -0.2338 -0.0685 -0.3027 -0.0055 -0.3031 0.0861
2 -0.0496 0.0172 -0.0605 0.0091 -0.0800 0.0358
3 0.0243 -0.0047 0.0573 -0.0061 0.0471 0.0129
4 -0.0033 0.0121 0.0331 -0.0120 0.0388 -0.0629
5 0.0190 -0.0028 0.0321 -0.0092 -0.0016 -0.0250
6 -0.C142 0.0037 -0.0070 -0.0074 0.0004 -0.0148
7 0.0035 0.0010 -0.0075 -0.0052 -0.0012 0.0013
8 -0.0038 -0.0039 -0.0093 -0.0021 0.0052 -0.0036
9 0.0058 0.0011 0.0036 -0.0009 -0.0048 -0.0028
10 -0.0016 -0.0013 0.0024 0.0038 -0.0082 0.0007
\ r/R 0.8 0.9 1.02
n\ ~ A B A B A B
n n n n n n
0 0.6209 0.6404 0.6618
1 -0.3058 0.0934 -0.3006 0.0958 -0.2913 0.1005
2 -0.0782 0.0690 -0.0827 0.0939 -0.0771 0.1107
3 0.0433 0.0266 0.0392 0.0429 0.0312 0.0539
4 0.0420 -0.0503 0.0470 -0.0278 0.0471 -0.0160
5 0.0097 -0.0298 0.0198 -0.0332 0.0222 -0.0328
6 -0.0041 -0.0293 -0.0033 -0.0349 -0.0043 -0.0299
7 -0.0093 0.0009 -0.0159 -0.0093 -0.0142 -0.0119
8 0.0031 -0.0045 -0.0064 0.0004 -0.0093 0.0030
9 -0.0084 0.0025 -0.0058 0.0081 -0.0010 0.0072
10 -0.0030 0.0035 0.0057 0.0044 0.0019 0.0012
